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Abstract 

We relate the geometrical and the Chern-Simons description of (2+l)-dimcnsional gravity for 
spacetimes of topology Rx Sg, where Sg is an oriented two-surface of genus g > 1, for Lorentzian 
signature and general cosmological constant and the Euclidean case with negative cosmological 
constant. We show how the variables parametrising the phase space in the Chern-Simons for- 
malism are obtained from the geometrical description and how the geometrical construction of 
(2-|-l)-spacetimes via grafting along closed, simple geodesies gives rise to transformations on the 
phase space. We demonstrate that these transformations are generated via the Poisson bracket 
by one of the two canonical Wilson loop observables associated to the geodesic, while the other 
acts as the Hamiltonian for infinitesimal Dehn twists. For spacetimes with Lorentzian signature, 
we discuss the role of the cosmological constant as a deformation parameter in the geometrical 
and the Chern-Simons formulation of the theory. In particular, we show that the Lie algebras of 
the Chern-Simons gauge groups can be identified with the (2+l)-dimensional Lorentz algebra 
over a commutative ring, characterised by a formal parameter Qa whose square is minus the 
cosmological constant. In this framework, the Wilson loop observables that generate grafting 
and Dehn twists are obtained as the real and the 8A-component of a Wilson loop observable 
with values in the ring, and the grafting transformations can be viewed as infinitesimal Dehn 
twists with the parameter Oa- 



1 Introduction 



The quantisation of Einstein's theory of gravity is often viewed as the problem of constructing 
a quantum theory of geometry. In particular, a physically meaningful quantum theory of grav- 
ity should allow one to recover spacetime geometry from the gauge theory-like formulations used 
in most quantisation approaches. While the quantisation of gravity in (3-1-1) dimensions is far 
from complete, the (2-|-l)-dimensional version of the theory has been used successfully as a testing 
ground for various quantisation formalisms ^Ej. As in the (3-|-l)-dimensional case, most of these 
formalisms are based on gauge theoretical descriptions of the theory. To apply these results to 
concrete physics questions, it would be therefore be necessary to recover their geometrical interpre- 
tation. Yet the relation between the phase space variables used in these approaches and spacetime 
geometry is not fully clarified even in the classical theory. 

^cmeusburgerOperimeterinstitute . ca 
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The simplifications in (2+l)-dimensional gravity compared to the (3+l)-dimensional case are due to 
the absence of local gravitational degrees of freedom and the finite-dimensionality of its phase space. 
In the geometrical formulation of the theory, this manifests itself in the fact that vacuum solutions of 
Einstein's equations are flat or of constant curvature. They are therefore locally isometric to certain 
model spacetimes, into which any simply connected region of the spacetime can be embedded. 
The physical degrees of freedom are purely topological and encoded in transition functions, which 
take values in the isometry group of the model spacetime and relate the embedding of different 
spacetime regions. From a gauge theoretical perspective, the absence of local gravitational degrees 
of freedom in (2+l)-dimensional gravity results in its formulation as a Chern-Simons gauge theory 
with the isometry group of the associated model spacetime as the gauge group [Bll^- The Einstein 
equations then take the form of a flatness condition on the gauge field, and their solutions can be 
locally trivialised, i. e. written as pure gauge. The physical degrees of freedom are then encoded 
in a set of elements of the gauge group which relate the trivialisations on different regions of the 
spacetime manifold. 

The advantage of the Chern-Simons formulation of (2+l)-dimensional gravity is that it allows one 
to apply gauge theoretical concepts and methods to achieve an explicit parametrisation of the 
phase space that serves as a starting point for quantisation. As gauge fields solving the equations 
of motions are flat, physical states can be characterised in terms of the holonomies along closed 
curves in the spacetime manifold. Conjugation invariant functions of such holonomies then define 
a complete set of gauge invariant Wilson loop observables, which were first investigated in the 
context of (2+l)-dimensional gravity in El 13 IHl IHl E3 ^3 • Moreover, by parametrising the phase 
space in terms of the holonomies along a set of generators of the fundamental group, one obtains 
an efficient description of the Poisson structure ^1 . These descriptions were used in m] to 
investigate the classical phase space of theory and are the basis of Alekseev, Crosse and Schomerus 
combinatorial quantisation formalism |151 116j and the related approaches in jl71 118j . The drawback 
of the Chern-Simons formulation is that it complicates the physical interpretation of the theory by 
obscuring the underlying spacetime geometry. Except for particularly simple spacetimes such as 
static spacetimes and the torus universe, it is in general difficult to reconstruct spacetime geometry 
from the gauge theoretical variables that parametrise the phase space. In a geometrical framework, 
the relation between holonomies and geometry was first investigated by Mess JH] , who gives a shows 
how the holonomies determine the geometry of the spacetime. More recent results on this problem 
were obtained by Benedetti and Cuadagnini [2111 ^'^d by Benedetti and Bonsante j2H I22j . who 
focus on the construction of (2+l)-dimensional spacetimes via grafting and relate the resulting 
spacetimes for different values of the cosmological constant. However, despite these results, the 
relation between spacetime geometry and the description of the phase space of (2+l)-dimensional 
gravity in the Chern-Simons formalism is still not fully clarified. While the results in |191l2Ul[^l22j 
establish a relation between holonomies and geometry in the geometrical formulation of the theory, 
they do not relate these variables to the quantities encoding the physical degrees of freedom in the 
Chern-Simons formalism. In particular, it is not clear how the embedding of spacetime regions into 
model spacetimes and the associated transition functions are related to the corresponding concepts 
in Chern-Simons theory, the trivialisation of the gauge field and the gauge group elements linking 
the trivialisations on different regions. Moreover, a full understanding of the relation between 
spacetime geometry and the Chern-Simons formulation should clarify the role of phase space and 
Poisson structure. This includes a geometrical interpretation of the phase space transformations 
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generated by the Wilson loop observables as well as the question how constructions that change 
the geometry of a spacetime such as grafting and Dehn twists manifest themselves on the phase 
space of the theory. 

These questions concerning the relation between geometrical and Chern-Simons formulation in 
(2+l)-dimensional gravity are the subject of the present paper, in which we consider vacuum 
spacetimes of topology M x Sg, where Sg is an orientable two-surface of general genus g > l- Our 
results are valid for spacetimes of Lorentzian signature and with general cosmological constant and 
for the Euclidean case with negative cosmological constant. They can be summarised as follows. 

1. Embedding and trivialisation: We relate the embedding of spacetime regions into model 
manifolds in the geometrical formulation and the trivialisation of the gauge field in the Chern- 
Simons formalism and derive explicit formulas linking the variables which encode the physical 
degrees of freedom in the two approaches. 

2. Grafting transformations on phase space: We show how the geometrical construction of 
(2+l)-spacetimes by grafting along closed, simple geodesies gives rise to a transformation on the 
phase space in the Chern-Simons formulation and derive explicit expressions for the action of this 
transformation on the holonomies along a set of generators of the fundamental group. 

3. The transformations generated by Wilson loop observables: We investigate the two 
basic Wilson loop observables associated to a closed, simple curve on Sg and to the two linearly 
independent Ad-invariant, symmetric bilinear forms on the Lie algebra of the gauge group. We 
derive explicit expressions for the phase space transformations these observables generate via the 
Poisson bracket and show that one of these observables acts as a Hamiltonian for the grafting 
transformations, while the other generates infinitesimal Dehn twists. 

4. Relation between grafting and Dehn twists: We demonstrate that the phase space 
transformations representing grafting and Dehn twists are closely related for all values of the 
cosmological constant and that this relation is reflected in a general symmetry relation for the 
corresponding Wilson loop observables. We show that grafting can be viewed as a Dehn twist with 
a formal parameter 0a whose square is identified with minus the cosmological constant. 

5. The cosmological constant as a deformation parameter: We establish a unified descrip- 
tion for spacetimes of Lorentzian signature in which the cosmological constant plays the role of 
a deformation parameter. In the geometrical description, its square root appears as a parameter 
relating the embedding into the different model spacetimes and the action of the associated isom- 
etry groups. In the Chern-Simons formulation, it plays the role of a deformation parameter in the 
gauge group and the associated Lie algebra. More precisely, we demonstrate that the Lie algebra 
of the gauge group can be viewed as the (2+l)-dimensional Lorentz algebra over a commutative 
ring with a multiplication law that depends on the cosmological constant. 

Results similar to 1. to 4. were obtained in an earlier paper [2S1 for the case of Lorentzian 
(2+l)-spacetimes with vanishing cosmological constant. Although the general approach in [231 
similar, the reasoning and many proofs in [231 make use of specific simplifications resulting from the 
properties of Minkowski space and the (2+l)-dimensional Poincare group. The inclusion of these 
spacetimes in the present paper allows one to see how these results arise from a general pattern 
present for all values of the cosmological constant and to investigate the role of the cosmological 
constant as a deformation parameter. 
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The paper is structured as follows. 

In Sect. 121 we introduce definitions and notations for the Lie groups and Lie algebras considered in 
this paper and summarise some facts from hyperbolic geometry used in the geometrical description 
of (2+l)-spacetimes. 

Sect.Olgives an overview of the geometrical description of (2+l)-dimensional spacetimes of topology 
Mx Sg for Lorentzian signature and general cosmological constant and for the Euclidean case with 
negative cosmological constant. We start by introducing the relevant model spacetimes which 
are (2+l)-dimensional Minkowski space, anti de Sitter space and de Sitter space, respectively, for 
Lorentzian signature and vanishing, negative and positive cosmological constant and the three- 
dimensional hyperbolic space for the Euclidean case with negative cosmological constant. We 
then review the description of (2+l)-spacetimes of topology M. x Sg which are obtained as the 
quotients of regions in the model spacetimes by certain actions of a cocompact Fuchsian group. 
After summarising the description of static universes, we describe the construction of evolving 
universes via grafting along closed, simple geodesies following the presentation in |211 122j . 

In Sect.l^we review the formulation of (2+l)-dimensional gravity as a Hamiltonian Chern-Simons 
gauge theory, where the gauge group is the isometry group of the associated model spacetime, 
the (2+l)-dimensional Poincare group PSU{1, 1) x = PSL{2,'R) x for Lorentzian signature 
and vanishing cosmological constant, the group PSU{1, 1) x PSU{1, 1) ^ P5L(2,M) x PSL{2,R) 
for Lorentzian signature and negative cosmological constant and SL{2,C)/Z2 for Lorentzian sig- 
nature and positive cosmological constant and for the Euclidean case. We discuss how the local 
trivialisation of the gauge field gives rise to a parametrisation of the phase space in terms of the 
holonomies along a set of generators of the fundamental group Tri{Sg) and introduce Fock and 
Rosly's description of the Poisson structure [T^ . 

Sect, prelates the geometry of (2+l)-spacetimes to their description in the Chern-Simons formal- 
ism. We discuss the relation between the variables encoding the physical degrees of freedom in 
the geometrical and in the Chern-Simons approach and show how the embedding into the model 
spacetimes is obtained from the trivialisation of the gauge field in the Chern-Simons formalism. 

In Sect.iniwe demonstrate how the construction of evolving (2+l)-spacetimes via grafting along 
closed, simple geodesies in [211 122| is implemented in the Chern-Simons formalism and show that 
it gives rise to a transformation on phase space, given explicitly by its action on the holonomies 
along a set of generators of the fundamental group 711(8 g). 

In Sect. 13 we relate this transformation to the Poisson structure and to the Wilson loop observables. 
We show that the phase space transformation obtained by grafting along a closed, simple geodesic 
rj is generated via the Poisson bracket by one of the two basic Wilson loop observables associated 
to T], while the other observable acts as the Hamiltonian for Dehn twists. We discuss the properties 
of the grafting transformations and their relation to Dehn twists, which manifests itself in a general 
symmetry relation for the Poisson brackets of the associated observables. 

Sect. ISl investigates the role of the cosmological constant in spacetimes of Lorentzian signature. Us- 
ing the results by Benedetti and Bonsante j211l22j . we show that its square root can be viewed as a 
deformation parameter in the geometrical description of both static and grafted (2+l)-spacetimes. 
For the Chern-Simons formulation, we establish a common framework relating the different gauge 
groups by identifying their Lie algebras with the (2+l)-dimensional Lorentz algebra over a com- 
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mutative ring. The cosmological constant then appears in the ring's multiphcation law and can be 
implemented by introducing a formal parameter Ga whose square is minus the cosmological con- 
stant. We show that the grafting transformations can be viewed as Dehn twists with this parameter 
Ga. Sect, ini contains a discussion of our results and conclusions. 

2 Definitions and notation 

2.1 Lie groups and Lie algebras 

Throughout the paper we employ Einstein's summation convention. Indices are raised and lowered 
either with the three-dimensional Minkowski metric 

xy = -q^ix, y) = rjabx^y'' = -xoyo + xiyi + X2y2 (1) 

or with the three-dimensional Euclidean metric 

x y = v^{x, y) = Sabx^y^ = xoyo + xm + X2y2- (2) 

To avoid confusion, we denote the signature of the spacetime by a variable S and write S = L for 
Lorentzian and S = E for Euclidean signature. 

In the following we consider a set of six-dimensional Lie algebras f)A,s over M whose generators 
we denote by , , a = 0,1,2. For Lorentzian signature, the Lie algebras f)A,s depend on a 
parameter A G M, and their Lie brackets are given by 

where indices are raised and lowered with the three-dimensional Minkowski metric Q and Sabc 
is the three-dimensional antisymmetric tensor satisfying eoi2 = 1- For Euclidean signature, we 
consider parameters A < 0, and the Lie algebra \]k,e has the bracket 

[Ja, Jb]K = UJc [Ja,Pb% = eJPf [Pf , P,% = AeJJ^ A < 0, (4) 

where indices are raised with the Euclidean metric The generators in (|1J) span the real 

Lie algebra su{2) and can be represented by the matrices 

^'-(°o) ^-K?")- 

Similarly, the bracket of the generators in Q is the Lie bracket of the three-dimensional Lorentz 

algebra 5o(2,l) = s[(2,M) = su(l,l). A set of 5[(2, R)-matrices representing these generators is 
given by 

■^«^K""oO ^--(o-O ^-K-)- 

^Note that the parameter A in J^J, denoted by A in is not equal to the cosmological constant but to minus 
the cosmological constant for Lorentzian signature, while its Euclidean analogue in Q agrees with the cosmological 
constant. See also the discussion at the beginning of Sect. I.'i.ll 



5 



However, in the following we will mostly work with the Lie algebra 5u(l, 1), which is conjugate to 
s[(2,M) ins[(2,C) via 

The su(l, 1) matrices associated to the generators © are given by 

and by exponentiating linear combinations of these matrices over R, one obtains the Lie group 

SU{1,1) = <{ I - 1 I a,6e C, |a|2 - = 1 I ^ SL(2,M). (9) 




The group SU{1, 1) = S'L(2,M) is the double cover of the proper orthochronous Lorentz group in 
three dimensions 5'0(2, 1)+ = PSL{2,R) ^ PSU{1,1) = SU{1,1)/Z2. In the following, we will 
often parametrise elements of SU (1, 1) and PSU{1, 1) via the exponential map which in both cases 
we denote by exp : p'^J^ ^ e^"'^". Using expressions (jH)) for the generators of su(l, 1), we find that 
the parametrisation of SU{1, 1) in terms of a vector p G is given by 

exp : su(l,l) ^ 

'cosh (^^) 1 + 2 sinh (|^) p'^J^ for > 



l+P^J^ forp2 = o p=^L=p. (10) 

cos (Jfi) 1 + 2 sin f Jfl) for < q 



Elements u = e^""^" G SU (1, 1) are called elliptic, parabolic and hyperbolic, respectively, for < 0, 
p^ = and p^ > 0. It follows directly from expression (|1U() that the exponential map for SU{1, 1) 
is neither surjective nor injective. The exponential map exp : su(l,l) — > PSU{1,1) = 50(2,1)+ 
is surjective, but again not injective, since e^"'^" = 1 for p^ = — (27rn)^, n G Z. However, in the 
following we will mainly consider hyperbolic elements of PSU{1, 1), for which the parametrisation 
in terms of a vector p = {p^,p^,p'^) G is unique. 

For A = 0, the six-dimensional real Lie algebra ^ is the three-dimensional Poincare algebra 
^o,L = iso(2, 1) = 5u(l, 1) © M^, and the associated Lie group obtained by exponentiation is the 
semidirect product SU{1, 1) x ^ SL{2,R) tx R^, where SU{1, 1) acts on ^ ^^{1, 1) via the 
adjoint action 

(ui, ai) • (u2, 02) = (win2, ai + Ad(ni)a2) ui, n2 G 5C/(1, 1), ai, 02 G M^. (11) 

For A > 0, one can introduce an alternative set of generators J^, in terms of which the Lie bracket 
((31) takes the form of a direct sum 

Hence, for A > 0, the Lie algebra f)A>o,L = ■su(l, 1) © su(l, 1) is the direct sum of two copies of 
su(l,l) and the associated Lie group is SU{1,1) x SU{1,1), whose elements we will parametrise 
using an index + for the first and — for the second component 

(m+, n_) • (w+, w_) = (n+T;_|_, n-W-) u±,v± £ SU (1,1). (13) 
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For the Lie algebras f)A<o,5 ^ set of matrices representing the generators Ja,Pa ®) © is 
obtained by setting = ^^y\A\J^ . This imphes that the Lie algebras f)A<o,L, ^a<o,e are both iso- 
morphic to 5l(2,C). In the first case s[(2,C) is realised as the complexification f)A<o,L = 5l(2,C) = 
5[(2,M) ©zs[(2,]R) of its normal real form s[(2,R). In the second case as it is given as the complex- 
ification l)A<:o,E = s[(2,C) = su(2) © isu(2) of its compact real form su{2). 

Hence, depending on the signature S and on the parameter A, the Lie algebras f)A,s and the 
associated Lie groups H\ 5 are given by 



s[(2,M) ©IR3 

s((2,M) ©s[(2,] 
s[(2,C) 



A = 0,5 
A > 0,5 
A < 0,5 



L 
L 



5C/(1,1) X 
5[/(l,l) X 5C/(1,1) 
5L(2,C) 



A = 0,5 = L 
A > 0,5 = L 
A < 0,5 = L,^. 



For all signatures and all values of the parameter A, the three-dimensional Lorentz algebra su(l, 1) = 
5[(2, M) is a subalgebra of the Lie algebra [)a,s- The corresponding embedding of the group 5f7(l, 1) 
into the groups H\ s is given by 



(?;,0) G 5C/(1,1) X m3 A = 0, 5 = L 

G 5?7(1,1) X 5C/(1,1) A > 0, 5 = L 
V G 5L(2,C) A < 0, S = L,E. 



(14) 



The embedding ia,5(±1) induces an action of Z2 on H\^s- The quotients of H\^s by this ac- 
tion are the (2+l)-dimensional Poincare group //o,l/^2 = PSU{1, 1) x M^, the group -f^A>o,L/^2 = 
SU (1, l)xSU (1, 1)7^2 and the proper orthochronous Lorentz group in (3+l)-dimensions ii"A<o,L/^2 
Ha<o,e/'^2 = 5L(2,C)/Z2 = 50(3, 1)+. In addition to these groups, we will need to consider the 
group PSU{1, 1) X PSU{1, 1) = -?^a>o,l/(^2 x ^2), whose elements we parametrise as in (fT3]). The 
embedding (|14j) then induces an embedding of PSU{1, 1) into the quotients H\^s/'^2 and into the 
group PSU{1, 1) X PSU{1, 1), which we wih also denote by ia,5- 

In the following we will sometimes parametrise elements of the groups H\ Sj Ha,s/'^2 and of 
PSU{1, 1) X PSU{1, 1) via the exponential map, for which in all cases we use the symbol exp^ g. 
Depending on the value of the parameter A and the signature, these exponential maps are given by 



exp^,5(pVf + 



'a T}S\ 



[eP'^Ji ,-T{-p)k) 



A = 0, Lorentzian 
A > 0, Lorentzian 
A < 0, Lorentzian 
A < 0, Euclidean, 



(15) 



where expressions of the form e^"'^'? denote the image of the exponential map (|10() or the associ- 
ated exponential map for PSU{1, 1), expressions e^^" ^'^'^ the image of the exponential map for 
5L(2,C) and 5L(2,C)/Z2 and T{p) : ^ p € is a bijective linear map given via the 
identification = 5u(l, 1) by 



(r(p)fc)Vf = J2 



ad! 



n=0 



(n + 1) 



(16) 
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Note that for all values of A and all signatures under consideration, the exponential map expy^ g : 
f}A,5 — > H\^s is neither surjective nor injective, which follows from the corresponding statement for 
the group SU {1,1)- For the groups PSU {1,1) x K^, SL(2,C)/32 and PSU{1,1) x PSU{1,1) = 
SU{1, 1) X SU{1, 1)/(Z2 X Z2) the exponential maps are surjective but again not injective. 



2.2 Hyperbolic geometry 

In this section we summarise some facts and definitions from hyperbolic geometry used in this 
paper. For a general reference, we refer the reader to the book j24j by Benedetti and Petronio, for 
a specialised treatment focusing on Fuchsian groups to the book by Katok. In the following, 
we denote by Hf the d-dimensional hyperbolic space of curvature — \k\, realised as the hyperboloid 

Mi = {x = ix^,x\...,x'^)£R'^+^\ -xl + x'l + ... + xl = -^, x'^ >0} (17) 

with the metric induced by the ((i+ l)-dimensional Minkowski metric. In the two-dimensional case, 
we also work with the disc model, in which M."^ = is realised as the unit disc 

D = {zeC\\z\<l} ds^ = ,^ ^'"^i^'i' , (18) 

(i — pl^j^ 

and which is related to the two-dimensional hyperboloid model (|17|) via a map z ^ D ^ x{z) G 



1 l-F|zP , , 1 2Re(z) 2/ N 1 2Im(z) ^ 



In the hyperboloid model, the geodesies of are obtained as the intersection of with d- 
dimensional hyperplanes through the origin. In the two-dimensional disc model, the geodesies 
are the diameters of the disc and arcs of circles orthogonal to its boundary. The isometry group 
Isom(E[|) = Isom(L', ds^) is the proper orthochronous Lorentz group PSL{2,M) = PSU {1,1) = 
SU {1,1) 1^2-, which acts on the hyperboloid El| via its canonical action on Minkowski space and 
whose action on the disc D is given by 

f " MeSf/d.l): .»2£±^, (20) 
\ a I bz + a 

The uniformization theorem states that every orientable two-surface of genus g > 1 with a metric of 
constant curvature — A: is isometric to a quotient IHl|/r of IHl| by the action of a cocompact Fuchsian 
group r with 2g hyperbolic generators 

r = {vAi,VBi,...,VAg,VBg I ■■■[vB^,V-^\] = 1) C PSU {1,1). (21) 

The group F induces a tessellation of by geodesic arc Ag-gons, which are mapped into each 
other by the elements of F. Hence, for each polygon in the tessellation, there exist Ag elements of F 
which map this polygon into its Ag neighbours and identify its sides pairwise. The surface M^/F IS 
obtained by glueing these pairs of sides of a polygon in the tessellation. In particular, there exists a 
polygon, in the following referred to as fundamental polygon and denoted by Py, which is mapped 
into its Ag neighbours by a fixed set of generators of F and their inverses. If we label the sides of 
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Pr as in Fig. [SJ the generators VAi,VBi in (|21l) identify the sides of this fundamental polygon Pp 
according to 

VA, : a • vb, : h ^ 6-. (22) 

The geodesies on the surface El|/r are obtained by projecting the geodesies on Bl|. In particular, 
closed geodesies t] : [0, 1] M^/r, r?(0) = on El7r arise as the projections of geodesies 
Crj : [0, 1] — > for which there exists an element of T that maps these geodesies to itself 

c^(l) = v^c^iO) vr, = e^'V^ e r. (23) 

In the following we will refer to this element as the translation element of r] and to the associated 
vectors and n^^ = rir^/ yj\r)!^\ as the translation vector and unit translation vector of rj. Closed 
geodesies on the surface IH|/r are therefore in one-to-one correspondence with elements of the 
cocompact Fuchsian group F, which is isomorphic to the surface's fundamental group 7ri(El|/F) = F. 
In the following we will often not distinguish notationally between such geodesies, their homotopy 
equivalence classes in 7ri(El|/F) and general curves on the surface which represent these homotopy 
equivalence classes. 



3 (2+l)-dimensional gravity: the geometrical formulation 

3.1 Model spacetimes 

In this section, we summarise the geometrical description of (2+l)-spacetimes as quotients of 
certain model spacetimes. A general reference for (2+l)-spacetimes is the book jTj by Carlip. A 
more specific treatment focusing on the construction of (2+l)-spacetimes via grafting is given in 
the papers by Benedetti and Bonsante |21l I22j . 

(2+l)-dimensional gravity is a theory without local gravitational degrees of freedom. As the cur- 
vature tensor of a three-dimensional manifold is determined completely by its Ricci tensor, vacuum 
solutions of the (2-|-l)-dimensional Einstein equations are flat or of constant curvature. This implies 
that they are locally isometric to a three-dimensional model spacetime. In this paper, we consider 
Lorentzian ( 2 -|-1) -gravity with general cosmological constant and the Euclidean case with negative 
cosmological constant. In the following, we work with a parameter A G R which is identified with 
minus the cosmological constant for Lorentzian spacetimes and agrees with the cosmological con- 
stant in the Euclidean case. The choice of this convention is motivated by the conventions in the 
Chern-Simons formulation of the theory and leads to notational simplifications there. The model 
spacetimes for Lorentzian signature are then three-dimensional Anti de Sitter space AdSA, three- 
dimensional Minkowski space M^, three-dimensional de Sitter space dSA, respectively, for A > 
(negative cosmological constant), A = (vanishing cosmological constant) and A < (positive 
cosmological constant). The model spacetime for Euclidean signature and negative cosmological 
constant (A < 0) is three-dimensional hyperbolic space H^. 

In the following, we parametrise these spacetimes in terms of matrices, which is convenient for 
establishing a link with their description in the Chern-Simons formalism. For the Lorentzian case 
with vanishing cosmological constant, the relevant model spacetime is (2+l)-dimensional Minkowski 
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space Xq^l = and the group of orientation and time orientation preserving isometries is the 
(2+l)-dimensional Poincare group Isom(Xo,L) = PSU(1,1) x = Hq^l/7j2. In the canonical 
identification of Minkowski space with the set of su(l, l)-matrices 

M'3x = ^X = 2xVi' = ( , 2, V"^'^ ) G 5u(l,l), (24) 

\ l[X — IX ) —IX I 

the (2+l)-dimensional Minkowski metric agrees with the Kilhng form of su(l, 1) 

-xoyo + xiyi + X2y2 = ^Tr {X -Y), (25) 

and the action of Isom(Xo,L) = PSU{1, 1) x is given by 

(n, a) G PSU{1, 1) X : X ^ uXu'^ + 2a^jt VX E su(l, 1). (26) 

The model spacetime for negative cosmological constant (A > 0) and Lorentzian signature is three- 
dimensional Anti de Sitter space AdSA- We adopt the conventions of |211 122j in which Anti de 
Sitter space is realised as a quotient of the universal cover AdSA by the action of Z2 . The universal 
cover AdSA is the manifold 

Xa>o,l = AdSA = {{h,t2,xi,X2) eR^\tl + 4-xl-xl = {,} 

dx^ = -{dtif - {dt2f + (dxif + {dX2f. (27) 

Via the map 

MS>K3x={t,M,x,,X2)^X=( ^ G5C/(1,1) (28) 

\ i[xi - 1x2) h - lt2 j 

it can be identified with the group 5'C/(1, 1) such that its metric is given by minus the determinant 

AdSA = I ^ G 5^7(1,1)} da;2 = -det((iX). (29) 

The group of orientation and time orientation preserving isometries of AdSA is the group 5C/(1, 1) x 
S\J(\, l)/^2 = -f^A>o,L/^2i whose action is given by the action of 5C/(1, 1) x S\J(\^ 1) via 

(G+,G_) G 5[/(l,l) X 5C/(1,1) : X ^ G+XGI^ VXg5C/(1,1). (30) 

Anti de Sitter space AdSA is the quotient of AdSA by the action of the elements (±1, =f1) via (jHn|l 
and its isometry group is the quotient PSU{1, 1) x PSU{1, 1)7^2 

Xa>o,l = AdSA = AdSA/Za Isom(AdSA) = PSU{1, 1) x PSU{1, 1). (31) 

For positive cosmological constant (A < 0) and Lorentzian signature, the model spacetime is three- 
dimensional de Sitter space 

Xa<o,l = dSA = {x = (x°, x\x\x'') G I -xl + xl + xl + xl = (32) 

and for the Euclidean case with negative cosmological constant (A < 0), it is three-dimensional 
hyperbolic space 

XA<o,i? = ml = {x = ix^,x^, x^,x^) G I - xl + xl + xl + xl = -j^^,x'^ > 0}. (33) 
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In both cases the metric is the one induced by the four-dimensional Minkowski metric, and the 
group of orientation and, in the de Sitter case, time orientation preserving isometrics is the proper 
orthochronous Lorentz group in three dimensions Isom(XA<o,L) = Isom(XA<o,_E) = S0{3, = 
SL{2, C) /Z2. The parametrisation of these spacetimes in terms of matrices is obtained by identify- 
ing vectors in four-dimensional Minkowski space with certain sets of matrices in GL{2, C). The first 
identification is the standard identification of Minkowski space with the set of hermitian GL(2,C) 
matrices 

M4 9a;=(x0,x\x2,x3)^X = x0l + xVi= ( + ^ I , (34) 

\ X — ix X — X I 

in which the four-dimensional Minkowski metric takes the form 

-det{X) = -xl + xl + xl + xj. (35) 

The action of the isometry group S0{3, 1)^ = S'L(2,C)/Z2 on the set of hermitian 2 x 2-matrices 
is given by the action of SL{2, C) via 

G G SL{2, C): X ^ GXG^ VX e GL{2, C),X^ = X. (36) 

As this action has kernel ±1 and leaves the determinant invariant, it induces an action of 50(3, l)"*" 
which preserves the metric (|35|) . Hence, three-dimensional hyperbolic space M.\ can be identified 
with the set of hermitian SL{2, C) matrices with metric (|35j) and the action of the isometry group 
Isom(]H^) = SO{3, 1)+ is given by §^ 

ml = {-^A I A E SL{2, C),A^ = A}. (37) 

The matrix representation of dSA is similar, but instead of the identification (|34j) . one uses the 
identification 



fBX={x'>,x\x\x^)^X={ ,„2N ^3 Jo 1' ^^^^ 



-(x^ — ix^) x^ 



which assigns to each vector in Minkowski space a matrix in the set 

CL{2, C) = {Ae GL{2, C) | ^° = A} (39) 



a b \ _ a -c \ _ i \ a b \ -i 
c d I ~ \ -b dl~\0-il\cdl\ i 



(40) 



such that the four-dimensional Minkowski metric is given by the determinant 

det (dX) = -xl + xl + xl + x|. (41) 



As the map o : GL(2,C) ^ GL(2,C) satisfies {A°)° = A, {ABy = B°A°, det{A°) = det A, one 
obtains an action of the group SL{2,C) on C-L(2, C) via 

G G SL{2, C) : M ^ GMG° (42) 

which has kernel ±1, preserves the determinant, and thus induces an action of 50(3, 1)^ = 
5^(2, C)/Z2 which preserves the metric (|1T|). Hence, de Sitter space dSA can be realised as the set 
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of SL(2,C) matrices invariant under the operation ° with metric (|41l) . and with isometry group 
S'L(2,C)/Z2 whose action is given by 



dSA = I A G 5L(2, C), A° = A}. 



(43) 



Hence, depending on the cosmological constant and the signature, the model spacetimes Xa,s can 
be identified with the sets of matrices 



^sl(2,]R) 
AdSA ^ ^P5C/(1, 1) 



dSA 



1 



|A| 
1^' 



A = 0, 


S 


= L 


A > 0, 


s 


= L 


A < 0, 


s 


= L 


A < 0, 


s 


= E 



(44) 



with metrics given by (|25j) . (|29|). (|35|1 . (|41l) and their groups of (orientation and time orientation) 
preserving isometries 



Isom(XA,s) 



PSU{l,l) kM3 ^^0, 5 = L 

P SU {1,1) X PSU {1,1) A>0,S = L 

SL{2,C)/^2 A < 0, S = L 

SL{2,C)/^2 A>0, S = E 



(45) 



act via (HH), (ESJ, (gH). 



3.2 Static universes and the embedding of hyperbolic space lEP 

The defining characteristic of the model spacetime introduced in the last subsection is that their 
topology is trivial. (2+l)-spacetimes with nontrivial topology are obtained as the quotients of 
domains C/a,5 C Xa,5 in the model spacetimes by the action of certain subgroups of the isometry 
groups Isom(XA,s). In this paper we restrict attention to spacetimes for which these subgroups 
are cocompact Fuchsian groups T with 2g > 2 generators and act via group homomorphisms 
hA,s '■ r Isom(XA,5). The resulting spacetimes have topology M x 5^, where Sg is an oriented 
two-surface of genus g > I. 

The simplest such spacetimes are the static spacetimes associated to a cocompact Fuchsian group 
r, for a detailed discussion see for example For Lorentzian signature, the associated domain 
Ua^l C Xa,l in the model spacetime is the interior of a forward lightcone, i. e. the set of points 
connected to a given point x\^l £ Xa,l by timelike geodesies. In the Euclidean case, it is the whole 
model spacetime H^. In each model spacetime Xa,s, this domain is foliated by two-surfaces Ua,s{T) 
of constant cosmological time T, i. e. surfaces of constant geodesic distance T from a given point 
a;A,S) which represents a singularity of the spacetime. For all values of the cosmological constant 
and all signatures under consideration, the surfaces U\^s{T) are surfaces of constant curvature 
and can be identified with copies of two-dimensional hyperbolic space. The action of the (2+1)- 
dimensional Lorentz group PSU{1, 1) via its canonical embedding ia,5 : PSU{1, 1) Isom(XA,5) 
preserves the surfaces U\^s{T) and agrees with the action induced by (PU)) . This induces an action 
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of the cocompact Fuchsian group T and a tessellation of each surface UA,siT) by geodesic arc Ag- 
gons as described in Sect. 12.21 The static spacetimes M^*p g associated to F are then obtained by 
identifying on each surface of constant cosmological time the points related by this action of F 



Mtrs = UA,s/r. 



(46) 



To obtain explicit expressions for the static domains ?7a,s C Xa,s and their foliation by copies of 
hyperbolic space, we consider timelike geodesies ca,l in the Lorentzian model spacetimes and 
an associated geodesic ca^e in 



CA,5(T) 



2TJ^ , T G (0, oo) A = 0, Lorentzian 

1 gV^Tj(f ^ J. ^ (0,7r/\/A) A > 0, Lorentzian 



(47) 



i^e~Vl^l^^ , T G (0,cx)) A < 0, Lorentzian and Euclidean, 



which are parametrised by arclength and based at the identity. Furthermore we introduce a map 

1 



5C/(1,1) 



9iz) 



1 z 
z 1 



(48) 



A brief calculation shows that - up to right-multiplication with a phase - the action of SU{1, 1) on 
the disc via (|2U|) corresponds to left-multiplication of the image g{z) 



g{Mz) = M ■ g{z) ■ e^^^'^^^o ^(M, z) G 



VM G PSUil,l),z G 



(49) 



As the phase commutes with Jq and is mapped to its inverse by the operations °, f, one finds the 



map 'Prp 



Xa s defined by 



$^'^(.) 



g{z)co^L{T)g{z)-^ 
9{z)cA>Q,L{T)g{z)-'' 
g{z)cA<Q,L{T)g{z)° 
giz)cA<o,E{T)g{z)'< 



A = 0, Lorentzian 
A > 0, Lorentzian 
A < 0, Lorentzian 
A < 0, Euclidean 



(50) 



satisfies the covariance condition 



$^'^(Mz)=iA,5(M)<I>^'^(z) = <' 



M^^'^{z)M-^ A = 0, Lorentzian 
z)M^^ A > 0, Lorentzian 



A,L 
T ' 
A,L 



M^'f''{z)M° 



M^p^{z)M^ 



A < 0, Lorentzian 
A < 0, Euclidean 



(51) 



The action of the (2-|-l)-dimensional Lorentz group PSU{1, 1) via its canonical embedding into 
Isom(XA,5) therefore preserves the images of $^"^(H2) and agrees with its action induced by its 
action on the Poincare disc via (|2()|) . Furthermore, as the geodesies (|47|) are parametrised by 
arclength, all points in the image $^'"^(11^) have constant geodesic distance T from the initial sin- 
gularity CA,5(0). Hence, one obtains a foliation of the forward lightcone or, for Euclidean signature. 
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of by surfaces of constant cosmological time 

UTe(o,oo) ^o,l(7') a = 0, Lorentzian 



Utc^ ^/ /A"^ l(^) a > 0, Lorentzian , ^ a vx , 

UTe(o,oo) ^A,i(^) A < 0, Lorentzian 



^UTe(o,oo) Ua,e{T) A < 0, Euclidean 
To obtain concrete expressions for the matrices in (|5fl|) . one evaluates (|47j) using expression 



for the exponential map. For Lorentzian signature and vanishing cosmological constant, this yields 

By comparing with (|24() . we recover the formula 1)19^ which relates the disc model of hyperbolic 
space to the hyperboloids El^^^a of curvature l/T^. For Lorentzian signature and A > 0, we 

consider the associated geodesic in the double cover AdSA and find that the parameters in (PH]l and 
the metric H27() take the form 

, _ cos(v^r) _ sin(\/Ar) 1 + _ smjVAT) 2Re(z) _ sin(v^T) 2Im(z) 

^~ VA ^ l-\z\^ ^ VA 1_|^|2 ^^^^ 



A (l-|z|2)2- 

The surfaces Ua>o,l(T) C Xa>o,l = AdSA therefore have constant curvature —A/sin'^{VAT). For 
Lorentzian signature and A < 0, the coordinates parametrising dS\ in (|38|) and the metric are 
given by 

_ smh(^T) 1 + 1 _ sinh(^r) 2Re(z) 2 _ sinh(^/jA|T) 2Im(z) 

^ " VW 1-|Z|2 ^ - ^ l-lzP - ^ l-|z|2 ^^^^ 



Vim |a| (i_ 1.12^2^ 



cosh(7|A|T) ^^2 _ I 4sinh (y^|A|T) \dz\ 



\z\ 



and the surfaces Ua<o,l{T) have constant curvature — |A|/sinh2(Y^|A[T). For Euclidean signature 
and A < 0, the curvature of the surfaces Ua<o,e{T) is — A/cosh2(\/AT), since the parameters in 
H34|) and the metric H35() take the form 

_ cosh{^/|A|T) 1 + \z\'^ I _ cosh(^/jA|T) 2Re(z) 2 _ cosh(^/jA|T) 2Im(z) 3 _ sinh{^/jA|T) 
l-b|2 ^ l-|z|2 ^ l-|z|2 ^ 



..2..T2 + 4^^W^J^. (56) 
|A| (1-|2;|2)2 

The cocompact Fuchsian group F C PSU{1, 1) acts on the domains ?7a,s freely and properly dis- 
continuously via the canonical inclusion ia,s : PSU{1, 1) Isom(XA,s) induced by dJ. It follows 
from the identity 1)51^ that this action preserves the surfaces Ua^s{T) of constant cosmological time 
and agrees with the action induced by the identification of these surfaces with hyperbolic space. 
The static (2+l)-spacetimes M^*^p associated to F are given as the quotients of the domains U\^s 
by this action of F 

^A^r = UA^s/r = U t^A,5(T)/F. (57) 
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Figure 1: Grafting along a closed simple geodesic c with weight it; on a genus 2 surface. 

3.3 The construction of evolving (2+l)-spacetimes via grafting 

After discussing the static spacetimes associated to a cocompact Fuchsian group F, we will now 
summarise the construction of evolving (2+l)-spacetimes via grafting following the presentation in 

I1I1I12]- 

Grafting along measured geodesic laminations is a method for constructing two-surfaces. The 
simplest case are geodesic laminations which are sets of non-intersecting closed, simple geodesies 
on a two-surface. Grafting along closed, simple geodesies was first investigated in the context of 
complex projective structures and Teichmiiller theory [261 1271 05] . General geodesic laminations 
were first considered by Thurston [291 l3Uj . for historical remarks see for instance |31| . The role of 
geodesic laminations in (2-|-l)-dimensional gravity was first explored by Mess JHI who investigated 
the characterisation of (2-|-l)-dimensional spacetimes in terms of holonomies. More recent work 
on grafting in the context of (2-|-l)-dimensional gravity are the papers by Benedetti and Bonsante 
[21\ I22j. which relate the construction of (2-t-l)-spacetimes via grafting for different values of the 
cosmological constant. The ingredients of the grafting construction are a cocompact Fuchsian group 
F and a measured geodesic lamination on the associated two-surface IHl|/F. In the following, we 
restrict attention to the case where this geodesic lamination is a weighted multicurve on El|/F, 
i. e. a set of non-intersecting closed, simple geodesies rji on IHl|/F, each equipped with a weight 
Wi > 0. 

G = {i7]i,w^)\iel}. (58) 

Geometrically, grafting along the multicurve H58() amounts to cutting the surface HI^/F along each 
geodesic Cj , and inserting a strip of width Wi as shown in Fig. ^ 

In the construction of (2-|-l)-spacetimes via grafting, the grafting procedure is applied to each two- 
surface U^^siT) /F in (|57j) . The construction is performed on their universal covers, i. e. the constant 
cosmological time surfaces U/\_^siT), which are identified with copies of hyperbolic space via (j50|) 
and foliate the static domains U/\_^s C Xa,5 as in (|52|) . The first step in the grafting construction is 
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to lift each geodesic rji in the multicurve (|58l) to a geodesic c^. on the universal cover H^. By acting 
on these geodesies with the cocompact Fuchsian group T, one obtains a F-invariant multicurve on 



]t2 



G^" ={{vCr,^,Wi)\ieI,veT}, (59) 

i. e. a set of non-intersecting geodesies on IHl| with associated weights Wi > 0, which are mapped 
into each other by the elements of T. Via the maps : — > U\^s{T) C Xa,s in l|5U|) . which 
identify hyperbolic space with the constant cosmological time surfaces U\^siT), one then obtains 
a F-invariant set of non-intersecting geodesies on each surface U\^s{T)- 

Grafting along the multicurve ((S5|) assigns to each surface Ua,s{T) a deformed surface U^g{T) 
constructed as follows. One selects a basepoint qo G outside of the geodesies in the multicurve 
(f58|) and considers the images ^>^''^(go) on the surfaces Ua^s{T)- One then cuts each surface Ua,s{T) 
along the images (vcrj.), z E /, w G F of the geodesies in the multicurve (ISU]) on Ua,s{T). The 
resulting pieces which do not contain the images of the basepoint are then shifted away from the 
basepoint in the direction determined by the geodesies' unit translation vectors and by a distance 
given by the geodesic's weight. Finally, one inserts strips, which connect the shifted pieces of 
each constant cosmological time surface Uas(T), and thus obtains a connected deformed surface 

The union of these deformed surfaces for all values of the cosmological time T then forms a simply 
connected regular domain in Xa,s 

''UTe(o,oo) f^o?L(^) A = 0, Lorentzian 

tG 



UTe(o,^/^) Ua,l{T) a > 0, Lorentzian ^^^^ 
UTe(o,oo) ^a^l(^) ^ < 0' Lorentzian 

'Te(0,oo) 



Urefcoo) UZe{T) a < 0, Euclidean. 



Under the grafting construction, the initial singularity of the static domains Ua,s is mapped to a 
graph in Xa,s. It is shown in |2H I22j that the deformed surfaces g{T) are surfaces of constant 
geodesic distance T from this graph and therefore again surfaces of constant cosmological time T. 

It is discussed in ^HEJl that the cocompact Fuchsian group F acts on the grafted domain g{T) 
via a group homomorphism /i^^ : F — > Isom(XA,s)- This action is free and properly discontinuous 
and preserves each surface U^g{T). Hence, by taking the quotient g{T)/h'^ g(T) of the deformed 
constant cosmological time surfaces by this action of F one obtains a two-surface of genus g. The 
grafted spacetimes M^'^ associated to the cocompact Fuchsian group F and the multicurve 
on IHl|/F are then given as the union of these surfaces for all values of the cosmological time or, 
equivalently, as the quotient of the regular domains U^g by this action of F 



= UZs/hZsin = U uZsiT)/hls{r). (61) 

T 

The procedure is most easily visualised in Lorentzian (2+l)-gravity with vanishing cosmological 
constant, where the surfaces of constant cosmological time are the hyperboloids El^^^a which foliate 
the interior of the forward lightcone. Geodesies on the hyperboloids IH^^^a are given as the inter- 
section of IH^yya with planes through the origin, whose unit normal vector is the unit translation 
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Figure 2: Grafting along a geodesic with weight w in hyperbohc space. 



vector of the geodesic given in (|23|) . Cutting each surface Uq^l{T) along these geodesies therefore 
amounts to cutting the interior of the forward lightcone along the associated planes. The resulting 
pieces are then shifted away from the basepoint in the direction of the plane's normal vector by a 
distance given by the weight of the associated geodesic as shown in FigEl The strips connecting 
the different pieces of a surface Uo^l{T) are obtained by connecting the points the different pieces 
of Uq,l{T) which correspond to a single point on a geodesic by straight lines. 

For the other model spacetimes the construction is similar but its description is more involved. As 
we will not need the details of the construction, we refer the reader to the papers |211l22j . which give 
an explicit parametrisation of the resulting surfaces and relate these surfaces for different values of 
the cosmological constant. In the following, we will only make use of a formula for the translation 
of the images <l>^''^(x) E U\^s{T) of points outside of the geodesies in the multicurve (fS^ . The 
relative shift of such points under the grafting construction is determined by their position relative 
to the geodesies in (f59|) and given by a map Bg,a,s : X ^ Isom(XA,5). To determine the 
value of Bg,a,s{P: q) for two points p, g G outside the geodesies in (|59|l . one connects them with 
a geodesic apg on oriented towards q. One then determines the geodesies in the multicurve (|59|) 
which intersect this geodesic as well as the associated oriented intersection numbers. It is shown 
in [^[^, see in particular Sect. 4.2.1, 4.4.1, 4.6.1 and 4.7.2, that if these geodesies are labelled 
by Cj, i = 1, . . . ,m, such that the intersection point of apg with Cj occurs before the one with cj 
for i < j and if ej are the associated oriented intersection numbers with the convention = 1 if Cj 
crosses Upq from the left to the right, then the relative shift Bg^k,s{jP-,(1) is given by^ 

^The factors VA, ^J\K\ are not present in |21l I22| . where only spacetimes with cosmological constant A G {0, ±1} 
are considered. However, this normalisation is suggested by the fact that the associated spacelike geodesies should 
be parametrised by arc length. 
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Bg,oAp^ Q) = Y1 e C PSU{1, 1) K M3 (62) 

i=l 

Bg,A>oAp^Q) = (^G,A>0,Lb''?)'^G,A>0,L(P'9)) G P5?7(l, 1) X PSU{l,l) 

^G,A<o,s(p, q) = Bg,a<o,e{p^ Q) = e'VW^''"'n'^'^^ e'VWe^-'^2n-^J^ . . . gi^.„^„nj^ ^ ^_^(2, C)/Z2, 



where ziij is the weight of the geodesic q and hi its unit translation vector as defined in (|23|) . It is 
shown in |2H l22] that map Bg,a,s '■ x Isom(XA,5) satisfies the identities 

Bg,A,s(.P, Q) ■ Bg,A,s{<1, r) = Bg,a,s{p, r) Vp, q,r £lf (63) 

Bg,a,s{vP, vq) = iA,siv) ■ Bg,a,s{p, q) ■ ^A,s{v)~^ Vp, q£lf,v£ PSU (1, 1), 

which reflect the geometrical properties of the grafting procedure. This allows one to define a group 
homomorphism /i^s • ^ ^ Isom(XA,5) from the cocompact Fuchsian group F into the isometry 
group of the model spacetime by setting 

hA,siv) = BG,A,s{qo, vqo) • iA,s{v) G F, (64) 

where ia,s : PSU{1, 1) — > Isom(XA,s) is the canonical embedding of PSU{1, 1) into the isometry 
group of the model spacetime given by (|14|) and qo E the basepoint. It is discussed in [22 [22] 
that this group homomorphism defines a free and properly discontinuous action of the group F on 
the grafted domains g which maps each surface U^g{T) to itself. Furthermore, for any two 
points ^^(x), ^^{x') G Ua,s{P) outside the geodesies which are related by the canonical action 
of an element u G F, the corresponding points on the grafted surface U^g{T) are related by 
the action of v via 

'^ls{x')=iA,s{'^)-'^ls{x) (65) 
^ BG,A,s{qo^ x')^A,six') = hA,siv) ■ BG,A,s{qo, x)^l^six). 

The quotient of the domains g C Xa,s by this action of F is therefore well-defined and 
gives rise to a spacetime of topology M x 5^. 



4 (2+l)-dimensional gravity: the Chern-Simons formulation 

4.1 (2+l)-dimensional gravity as a Chern-Simons gauge theory 

The absence of local gravitational degrees of freedom in (2+l)-dimensional gravity allows one to 
formulate the theory as a Chern-Simons gauge theory |^. The Chern-Simons formulation of 
(2+l)-dimensional gravity is derived from Cartan's description, in which a spacetime manifold M 
is characterised in terms of a dreibein of one forms e^, a = 0, 1, 2, and spin connection one- forms 
uja, a = 0,1,2, on M. The metric on M is given by the dreibein 

g = vfea eb, (66) 
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where r]^' denotes the Minkowski metric or the Euchdean metric while the one- forms uja 
are the coefficients of the spin connection ui = u)°'Ja- Einstein's equations of motion then take the 
form of the requirements of vanishing torsion and constant curvature 

T'^ = de"" + e^^w^e'^ = = duj" + \e''^^J' Alj^ = -^e^^^e^ A (67) 

To obtain the Chern-Simons formulation of (2+l)-dimensional gravity, one combines dreibein and 
spin connection into the Cartan connection or Chern-Simons gauge field 

A = u;Vf + eX^ (68) 

where jf^, P^, a = 0,1,2, denote the generators of the six-dimensional Lie algebras f^A.s with 
bracket ((SJ,©. Hence, depending on the signature and the cosmological constant, the Chern- 
Simons gauge field is a one- form on M with values in the Lie algebra f)A,s- The choice of the Lie 
algebra determines the gauge group of the associated Chern-Simons theory up to coverings, and in 
the following, we will take the isometry groups Isom(XA,5) of the associated model spacetimes as 
the gauge groups. 

When expressed in terms of the one- form (|68)) . the Einstein-Hilbert action in Cartan's formulation 
of the theory takes the form of a Chern-Simons action 

Scs[A]= [ (AAdA + jAAAAA), (69) 

where ( , ) is an Ad- invariant, non-degenerate bilinear form on the Lie algebra f)A,s given by 

( , A^) = rj!b {Ja, Jb) = {Pa, Pb) = 0. (70) 
The equations of motion derived from (|69|) are a flatness condition on the gauge field 

F = dA + AAA = 0, (71) 
which combines the requirements (|67|) of vanishing torsion and constant curvature 

F = T-p! + {F- + ^e\,e' A e^) jf . (72) 
The Chern-Simons action H69|) is invariant under Chern-Simons gauge transformations 

A ^ + 7^7"^ 7 : M ^ Isom(XA,s)- (73) 

It has been shown by Witten that infinitesimal Chern-Simons gauge transformations are on- 
shell equivalent to infinitesimal diffeomorphisms. The space of metrics solving Einsteins's equation 
modulo infinitesimally generated diffeomorphisms is therefore isomorphic to the space of flat Chern- 
Simons gauge fields modulo infinitesimally generated Chern-Simons gauge transformations. 

Note, however, that some caution should be applied when identifying the phase space of (2+1)- 
dimensional gravity in its geometrical formulation with the phase space of the associated Chern- 
Simons theory. First, the equivalence between diffeomorphisms and Chern-Simons gauge transfor- 
mations does not hold for large diffeomorphisms, which are not infinitesimally generated, and for 
the large gauge transformations arising in Chern-Simons theory with non-simply connected gauge 
groups. Second, in order to define a metric of Lorentzian or Euclidean signature via (|66j) . the 
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dreibein has to be non-degenerate, which is not required in the Chern-Simons formahsm. It 
is discussed in |33j for the Lorentzian case with vanishing cosmological constant and spacetimes 
containing particles that this leads to differences in the global structure of the phase spaces. A 
similar result for a spacetime with three particles is derived in _22^, Sect. 4.9, where it is argued that 
such problems arise generically when the spacetime is of topology M x S", where 5" is a non-compact 
two-surface. However, as this paper restricts attention to spacetimes with compact spatial surfaces 
and is mainly concerned with the local properties of the phase space, we will not address these 
issues in the following. 

On the spacetime manifolds of topology M = x Sg considered in this paper, it is possible to 
give a Hamiltonian formulation of the theory. For this, one introduces coordinates x^,x^,x'^ on 
M ^ M. X Sg such that x° parametrises M and x^,x'^ are coordinates on Sg and splits the gauge 
field §Ei) as 

A = Aodx^ + As, (74) 

where : 1^ x 'S'g ^ f)A,5 is a function with values in the Lie algebras f^A.s and As a gauge field 
on Sg. The Chern-Simons action (|69j) on M then takes the form 

S[As, Ao] = [ dx^ [ lidoAs A As) + {Ao , Fs), (75) 

JR JSg 

where Fs is the curvature of the spatial gauge field As 

Fs = dsAs + As A As (76) 

with ds denoting differentiation on the surface Sg. The function plays the role of a Lagrange 
multiplier. Varying it leads to the flatness constraint 

Fs = 0, (77) 

while variation of results in the evolution equation 

doAs = dsAo + [As,Ao]. (78) 

The phase space of the theory is therefore the moduli space of flat Isom(XA^5)- 

connections As modulo gauge transformations on the spatial surface Sg. 

4.2 Trivialisation and holonomies 

As discussed in Sect. 13 the absence of local gravitational degrees of freedom in (2+l)-dimensional 
gravity implies that each (2+l)-spacetime is locally isometric to one of the model spacetimes Xa,5. 
In the Chern-Simons formalism, this absence of local degrees of freedom manifests itself in the fact 
that gauge fields solving the equations of motions are flat and can be trivialised, i. e. written as 
pure gauge on any simply connected region R cM. x Sg 

A = -fd-f-^ 'J : Isom(XA,s). (79) 
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Figure 3: Cutting the surface Sg along the generators of Tri{Sg) 



Given a function 'j : R ^ Isom(XA^s') which triviaUses a flat gauge field A on R, the associated 
functions 7(x'^, •) trivialise the corresponding flat spatial gauge fields As for all values of 

As{x^,-)=l{x'^r)dsT\x^r). (80) 

To simplify notation, we will often neglect the dependence on the parameter in the following 
and denote this function also by 7. 

A maximal simply connected region in M x S'g is obtained by cutting the spatial surface Sg along 
a set of generators of the fundamental group 7ri{Sg) as in Fig. IHI As discussed in Sect. 12.21 the 
fundamental group of a genus g surface Sg is isomorphic to a cocompact Fuchsian group with 2g 
generators, which are subject to a single defining relation 

T^iiSg) = (ai,6i, ...,ag,bg; [6g,a^^] • • • [61, a^;^] = 1) [bi,a^^] =biO ar^ o for^ o a^. (81) 

Throughout the paper, we work with a fixed system of generators aj,6j, i = 1,. . . ,g, which are 
the homotopy equivalence classes of two loops around each handle and based at a point p £ Sg as 
shown in Fig. ^ Cutting the surface along each of the curves representing these generators results 
in a Ag-gon Pg pictured in Fig. El 

As discussed by Alekseev and Malkin jl3j . a function j : Pg ^ Isom(XA,5) on Pg defines a flat 
gauge fleld on Sg if and only if it satisfies an overlap condition relating its value on the two sides 
which correspond to a given generator of the fundamental group. For any y £ {ai, bi, . . . ,ag, bg}, 
y' G {a'ljb'i, . . . ,a'g, b'g} one must have 

As\y' = ^ds-f~'^\y' = jdsj'^ly = As\y, (82) 
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Figure 4: Generators and dual generators of the fundamental group TTi{Sg) 




which is the case if and only if there exist constant elements Ny G Isom(XA,5) such that 

7"'\y' = NY7~'\y. (83) 

The elements Ny, Y G {Ai, Bi, . . . , Ag, Bg} are the Chern-Simons analogue of the group isomor- 
phisms H64|) in the geometrical formulation. They contain all information about the physical state 
and are closely related to the holonomies Ai,Bi along the generators aj,6j of the fundamental 
group. These holonomies are given by the value of the trivialising function on the corners of the 
polygon Pg [in] 

^i = 7(P4i-3)7(P4i-4)"^=7(P4i-2)7(P4i-l)~^ = 7(P4i-3)7(P4i-2)" - 7(P4j)7(P4j-l)"/ (84) 

and satisfy a single relation arising from the defining relation of the fundamental group 7ri{Sg) 

[Bg,Ag^]---[Bi,A^']^l [Bi,Ar^]=Bi-Ai-^-Bi-^-Ai. (85) 

Via the overlap condition (|82|) . one can relate the value of the trivialising function 7 at the corners 
of the polygon Pg to its value at a given corner pQ 

T\pii) = Nh^Nh.,., ■ ■ ■ Nh,i-\po) = l-\po)H^' ■ ■ ■ Hr_\Hr^ (86) 

rHpii+i) = n^In^Ina^^.nh, . . . NH.rHpo) = rHpo)H^' • • • h-\h-'a-i^ 

l-\pA^+2) = N^INa,,^,Nh, ■ ■ ■ NH.rHpo) = rHpo)H^' ' ' ' H^^HT^ AT^.B-i+r 
l-\p4i-,3) = Na^^.Nh, ■ ■ ■ NH,r\po) = l-\po)H{' ■ ■ ■ Hri\Hr'Ar^,B,^,A+, 
H, = [Bi,Ar^] Nh, = [Nb,,N~}], 

which allows one to express the holonomies Ai,Bi along the generators ai,bi £ 7ri{Sg) in terms of 
the Poincare elements Na^ , Nb^ in the overlap condition H82() and vice versa 

A^ = i{po)NhI ■ ■ ■ NbI.N^I ■ Nb, • Nh,^, ■ ■ ■ NH.rHPo) (87) 
B^ = i{po)NhI ■ ■ ■ N^lN^] ■ Na,, ■ Nh,_, ■ ■ ■ Nn^rHpo) 
Na=T\po)H{-'- -Hr^HT^BiH^^r ■ -HMpo) (88) 
Nb,=j-\po)H^-^- -HT^Hr^AiHi^r ■ -H^^ipo). 

Up to conjugation with the value 7(^0) of the trivialising function at the basepoint, the expressions 
(jHZ|) and (|88j) relating the holonomies Ai , Bi and the group elements NAi , Nb.^ are of the same form. 
This reflects the fact that, up to conjugation with 7(^0)1 the elements A^^i-, A'^g. are the holonomies 
along another system of generators aj,6j € vri(S'g) pictured in Fig. ^ and given by 

ai = hi^ o ... o h^^ obi o hi^i o ... o hi bi = hi^ o ... o h^^ o aj o hi-i o ... o hi. (89) 

These generators are investigated in detail in where it is shown that their representatives can 
be viewed as a dual graph for the curves representing ai, bi G vri(5'g) and that they can be used to 
determine the intersection points of a general embedded curve on Sg with the generators ai,bi. In 
the following we will therefore refer to the generators the dual generators. 

As the elements Na^^Nb^ G Isom(XA,s') in the overlap condition or, equivalently, the holonomies 
Ai,Bi G Isom(XA,s') contain all information about the physical state, they can be used to parametrise 
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the phase space of the theory. Taking into account that these variables are subject to a constraint 
H85|) and that gauge transformations on the surface Sg act on the holonomies Ai , Bi by simultaneous 
conjugation, one finds that the moduli space of flat Isom(XA,s')-connections on Sg is given as the 
quotient 

Mf'^^^^^\{Ai,Bi, . . .,Ag,Bg) G Isom(XA,s)'^ I [Bg,A^'] ■ ■ ■ [Bi,A^'] = l}/Isom(XA,5). (90) 



4.3 Phase space and Poisson structure 

The advantage of the Chern-Simons formulation of (2+l)-dimensional gravity is that it allows one 
to give a rather simple description of the Poisson structure on the phase space, which is based 
on its parametrisation (|90j) in terms of the holonomies along a set of generators ai,bi £ T^iiSg) 
|13| I12j . In the following we will use the formalism by Fock and Rosly J2j , which is defined for 
Chern-Simons theory with a general gauge group H and parametrises the Poisson structure on the 
moduli space A4j^ in terms of an auxiliary Poisson structure on the manifold H^^. The description 
is summarised in the following theorem. 

Theorem 4.1. (Fock,Rosly fW/ ) 

Consider Chern-Simons theory with gauge group H on a manifold M x Sg. Denote by Ta, a = 
1, . . . , dim H , a basis of the Lie algebra = Lie H and by tab th^ matrix representing the Ad- 
invariant symmetric bilinear form in the Chern-Simons action with respect to this basis 

tab = {Ta,Tt) t''\, = 5t. (91) 

Let r = r°'^Ta (X" Tfe be a classical r-matrix for the gauge group H, i. e. an element r G f) [) which 
satisfies the classical Yang Baxter equation ( CYBE) 

[[r, r]] = [ri2, r^] + [ri2, r2^] + [ris, r23] = (92) 
ri2 = r^'^Ta Tb 1, ng = r'^^Ta 1 Tf,, ras = ® T„ ® T^, 
and whose symmetric part is dual to the bilinear form (|9H1 

r = r^s) + na) na) = \ (r"' - r^")r, ® n , r(,) = \ (r"^ + r^'^)T, ®n = ^t^^Ta n. (93) 

Consider the manifold H^^ , where the different copies of H are identified with the holonomies 
Ai,Bi G H along a set of generators of the fundamental group -Ki^Sg) and denote by , L^ , 
X G . . . the left-and right-invariant vector fields associated to a basis oft) and the 

different components of H^^ 

L^fiA,,...,Bg) = j^\t=^f{...,e-'^--X,...) R^f{A,,...,Bg) = j^U=ofi..., X ■ e'^^ , ...). (94) 

Then, the bivector B G Vec{H) Vec{H) 




^f^'Y. A (iif + Lf' + Lf ) + A (L^» + Lf ) + L^' A Lf , (95) 
1=1 
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defines a Poisson structure on H^^ . After imposing the constraint (j85|) and dividing by the associ- 
ated gauge transformations, which act by simultaneous conjugation of all components with H , this 
Poisson structure agrees with the canonical Poisson structure on the moduli space 

Mf = {{A,,Bi,...,A„Bg)eH^3 I [Bg,Ag']---[Bi,A^'] = l}/H. (96) 

In Fock and Rosly's formalism, physical observables are given by functions on the manifold H^^ 
which are invariant under simultaneous conjugation of all components with the gauge group H. 
Note that the Poisson bracket of such observables with a general function g G C°°{H'^^) does not 
depend on the particular choice of the classical r-matrix but only on the matrix f^^ representing 
the Ad- invariant, symmetric bilinear form in the Chern-Simons action. As the component of the 
bivector (|95|) which depends on the antisymmetric component r(„) is proportional to terms of the 
form X]f=i ^£^' + ' + B,^^ + L^, , this contribution vanishes if one of the function is invariant 
under simultaneous conjugation of its arguments with H. 

A particular set of physical observables, in the following referred to as Wilson loop observables, 
are conjugation invariant functions of the holonomies along closed curves on Sg. As the equations 
of motion are a flatness condition on the gauge field, these observables do not depend on the 
curve itself but only on its homotopy equivalence class in 7ri(5'g) and are invariant under a change 
of the basepoint. In Fock and Rosly's formalism, these observables are described by expressing 
the holonomy along an element r] £ TTi{Sg) as a product in the holonomies along the generators 
ai,bi G iTi{Sg) 

r] = x^^---x'^\ Xke{ai,...,bg}, ake{±l} ^ Hr, = X^^ ■ ■ ■ X'^\ (97) 

The Wilson loop observable G C°°{H'^^) associated to r/ G vri(5g) and a general conjugation 
invariant function / G C°°{H) on the gauge group is then given by 

fr,:{Ai,...,Bg)^ f{H^) (98) 

with given as a product in the elements Ai,Bi and their inverses as in 1)9 7() . It follows directly 
that the Wilson loop observables are invariant under simultaneous conjugation of all holonomies 
Ai , Bi with elements of H and satisfy 

fro-noT--^ = fv Vr/,r G 7ri(S'g). (99) 

In order to apply Fock and Rosly's description of phase space and Poisson structure to the 
Chern-Simons formulation of (2+l)-dimensional gravity, one needs classical r-matrices for the Lie 
algebras i)A,s such that the symmetric components of these r-matrices agree with the Ad-invariant, 
symmetric bilinear forms (|7()|) . For Lorentzian signature, such a classical r-matrix is given by 

r = P^<S)Jl + Uae'^^^Jt ® (100) 

with a constant vector n = {n^,n^,n'^) G M.^ satisfying ri^{n,n) = A. The corresponding r-matrix 
for the Euclidean case with A < has the form 

= J| + n.e'^^Vf jf (101) 

with a constant vector n = {nQ,ni,n2) G satisfying r]^{n,n) = |A|. Note that the choice of 
the classical r-matrix and hence the Poisson structure ()95() is not necessarily unique - for a list of 
classical r-matrices for the (2+l)-dimensional Poincare algebra see |35j . However, in the following 
we will only consider Poisson brackets where at least one of the functions is a Wilson loop observable 
so that our results do not depend on this choice. 
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5 Trivialisation and embedding 



As discussed in Sect. 01 and Sect. 14.21 the absence of local gravitational degrees of freedom manifests 
itself in the geometrical and the Chern-Simons description of (2+l)-spacetimes in, respectively, in 
the embedding of simply connected regions into the model spacetimes Xa,s and in the trivialisation 
of the Chern-Simons gauge field. In this section, we discuss the relation between these concepts 
and show how the embedding of spacetime regions can be constructed from the function trivialising 
the Chern-Simons gauge field. 

We consider a simply connected region R d Rx Sg in the spacetime manifold with a metric g and a 
flat Chern-Simons gauge field A, related to the metric via (|66|) . We denote by X\^s '■ R ^A,5 the 
embedding into the model spacetime Xa,5 and by 7 : ii —> Isom(XA,s) a function which trivialises 
the gauge field as in (|79j) . The decomposition (|68|) of the gauge field in terms of the generators 
J^, then implies that the dreibein and the spin connection uja are given by 

ea = {ldr\ J!) = {ldr\P^), (102) 

where J^, denote the generators of the Lie algebras ©, Q and ( , ) the Ad- invariant bilinear 
form ()7U() in the Chern-Simons action. The expression H66|) for the metric in terms of the dreibein 
relating then implies that the metric g on R takes the form 

g = v^e" ^e' = vf{7dj-}j^){jdT}Jb') = -4det(r?s) det{{jdT\ J^) jf ). (103) 



On the other hand, the metric g must agree with the pull-back of the metric in the model spacetime 
Xa,s via the embedding X\^s- To relate the trivialising function 7 : i? — > Isom(XA,5) to the 
embedding X\^s '■ R Xa,S; one therefore has to construct a function nA,^ : Isom(XA,5) — > Xa,5 
from the isometry group into the model spacetime such that the pull-back of the metric in the 
model spacetime via Ha, 5 07"^ agrees with the metric ()1U3() 

d{XA,s o r'f = Vs{ldr}j!){ld-i~}j^). (104) 

Furthermore, as the embedding of the region R into the model spacetime Xa,5 is only defined up 
to a global action of the isometry group Isom(XA,5), two embeddings related by such an action 
of the isometry group should correspond to the same gauge field on R. This the case if and only 
if the action of Isom(XA,5) on Xa,5 corresponds to left-multiplication of the trivialising function 
7^^ I— > A^7^"'^, G Isom(XA,s), i. e. if the function Tlx,s '■ Isom(XA,s) — ^ Xa,s satisfies the condition 

nA,s(A7~i) = AnA,s(7"') VA G Isom(XA,s). (105) 

This suggests that the functions nA,^ : Isom(XA,s) ^ Xa,s should be defined as 

Uo^l{v,x) = x y{v,x) £ PSU{1,1) t<R^ (106) 

Ua>o,l{v+,v-) = ^v+vZ^ y{v+,v.) e PSU{1,1) X PSU{l,l) 

nA<o,L(t') = vv° Vf e SL{2, C)/Z2 



nA<o,£(^) = vv^ Vf e SL{2, C)/Z2, 
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since this ensures that identity (|1U5|) is satisfied. It remains to show that these functions yield the 
right metric on R, i. e. that identity ()1U4() holds for each value of the cosmological constant and 
each signature of the spacetime. 

The simplest case is the one with Lorentzian signature and vanishing cosmological constant, which 
is investigated in jl41 123j . Parametrising the trivialising function as 7"^ = {v,x) with v : R ^ 
PSU{1, 1), X : R ^M.^ and using the group multiplication law (fTT]) . one finds 

7^7"^ = uj^Ja + e^Pa = v'^dv + v'^dx eT^ = v'^dx, uj^J^ = v'^dv. (107) 

The Lorentz invariance of the (2+l)-dimensional Minkowski metric then implies that the metric 
given by ()1U3() agrees with the pull-back of the (2+l)-dimensional Minkowski metric via Hq^l 07"^ 

g = rif{v-^dx)a{v-^dx)b = -dxl + dxl + dxl. (108) 

For Lorentzian signature and A > 0, the trivialising function can be parametrised as 7"^ = 
(7+, 7_ ) : R ^ PSU (1, 1) X PSU (1, 1). Using the relation between the generators Ja, Pa of the Lie 
algebra © and the alternative generators defined by (fT^ , we find that the gauge field is given 
by 

and the expression for the dreibein in terms of 7 takes the form 

To prove that the metric defined by this dreibein via (|103j) agrees with the one induced by the 
metric on the model spacetime Xa,5, we use the following lemma, which can be proved by direct 
calculation. 

Lemma 5.1. For general M G SU{1, 1) parametrised as in we have 

M~^dM = 2e" Jf- det dM = det{M-^dM) = e^ - ej - ej = \da\'^ - \db\'^. (Ill) 

Applying this lemma to 7+7!^ together with expression (|110|) for the dreibein and using the Ad- 
invariance of the determinant, we find that the metric defined by ()103jl agrees with the pull-back 
of the AdS-metric via the embedding nA<o,L 07"^ 

g = _i det(d(7+7l')) = 7lab{ldj~\j!^){^dj~\jt). (112) 

For Lorentzian and Euclidean signature and A < 0, the gauge field takes the form 

7^7"^ = o;Vf + e'^Pf = {c,- + iyl^e") . (113) 

To prove that the metric defined via ()103() agrees with the pull-back of the metric on the model 
spacetime via Ha, 5 o 7"^ we apply the following lemma to M = 7^^(7~^)° and AI = 7^^(7^"'^)^. 

Lemma 5.2. For general M G SL{2,C) we have 

M-'^dM = {uj" + i^/\A'\e'')J^ -eg + e? + = ^ det(d(MM°)) (114) 

M-^dM = (w" + iv^e")jf eg + e? + e| = -^det(d(MMt)) (115) 
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Proof: The proof is a straightforward calculation. Parametrising the matrix M E 5'L(2,C) as 

(u V \ 
uz-vw = l, (116) 
w z I 

we find that the SL{2, C) matrices MM° and MM^ are given by 

,^,^n / I'Up — I^P vz — uw \ ,^,^+ / |nP + If P vz + uw \ 

MM° = ' X , ,2 , ,2 = - , ,2 , ,2 ' (117) 

\ — (uz — utf) — / \ vz + uw \z\ +\w\ j 

and, after some computation 

det(d(MM°)) = \vjdu\'^ + \udw\'^ + \zdv\'^ + \vdz\'^ - 2\udz - vdwl"^ (118) 

+2Iie{dudz — dvdw — vzdvdz — uwdudw) 
det((i(MM+)) = -{\wdu\'^ + \udw\'^ + \zdv\'^ + \vdz\'^) - 2\udz - vdwl"^ (119) 

+2Re{dudz — dvdw + vzdvdz + uwdudw). 

On the other hand, expanding M~^dM = (w" + ie°')J^ yields 

^\e^=2'Re{udz-wdv) (120) 
|A|e"'^= —Re{udw — wdu)+'Re{zdv — vdz) 
\K\e^=lm.{udw — wdu)+lm.{zdv — vdz), 

while the corresponding expressions for the Euclidean case are given by 

^/\K\e^=-2Re{udz-wdv) (121) 
-\/jA[e"'^= 'Re{udw — wdu) + 'Re,{zdv — vdz) 
\/\K\e^= —lm.{udw — wdu)+lm.{zdv — vdz). 

After some further computation using udz — wdv = vdw — zdu we obtain H114() . H115|) . □ 

Hence, we have shown for all values of the cosmological constant and all signatures under consid- 
eration that the maps Ha^s '■ Isom(XA,5) — > Xa,s defined in H1U6|) satisfy the identities ()1U4|) and 
H1U5|) . The embedding into the model spacetimes ^a,s characterised by these conditions is thus 
given by composing these maps with the trivialising function : R — > Isom(XA^5) 

Xa,s = nA,5 o 7"! : ^ Xa,s. (122) 



6 Grafting in the Chern-Simons formalism 

6.1 Embedding into the regular domain and action of the group F 

After deriving explicit expressions which relate the embedding of a spacetime region into the model 
spacetimes ^a,s to the function trivialising the Chern-Simons gauge field, we will now apply these 
results to investigate the construction of (2+l)-spacetimes via grafting from the Chern-Simons 
viewpoint. The reasoning is similar to the one in |23j but does not make use of the simplifica- 
tions specific to Lorentzian spacetimes with vanishing cosmological constant. To see how grafting 
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manifests itself on the phase space of the associated Chern-Simons theory, one needs to determine 
how the variables parametrising the phase space, the holonomies Ai, Bi along a set of generators of 
the fundamental group 7ri{Sg), transform under the grafting construction. This requires relating 
these holonomies to the variables which encode the physical degrees of freedom in the geometrical 
description. 

For this, we recall that in the geometrical formulation of (2+l)-dimensional gravity, spacetimes are 
given as quotients of regular domains Ua,s C Xa,5 by the action of a cocompact Fuchsian group F 
via a homomorphism /i^^ : F — > Isom(XA,s)- This action leaves the surfaces Ua,s(T) of constant 
cosmological time T invariant, and the spacetime is given by identifying on each surface U^^siT) 
the points related by this action of F. The physical degrees of freedom are therefore encoded in the 
cocompact Fuchsian group F and the group homomorphism /i^^ : F ^ Isom(XA,5). 

In the Chern-Simons formalism, the physical degrees of freedom are given by the holonomies 
Ai,Bi e Isom(XA,s) or, equivalently, the elements Na^jNb^ G Isom(XA,5) which arise in the 
overlap condition ()83() . By cutting the manifold along the representatives of the generators of the 
fundamental group and trivialising the gauge field on the resulting region, one obtains a set of func- 
tions 7(2;'^, ■) : Pg ^ Isom(XA,5) on a Ag-gon Pg. The values of 7"^ at the two sides corresponding 
to a given generator are related by left-multiplication with the elements A^^ . , Nb^ , and it is shown 
in Sect. [5] that the left multiplication of the trivialising function 7"^ with elements of the isometry 
group Isom(XA,5) corresponds to the action of this group on the model space time Xa,5. 

This suggests identifying the parameter in the splitting (|74j) of the Chern-Simons gauge field 
with the cosmological time T, identifying the generators aj,6j G T^i{Sg) with the projection of the 
geodesies on Ua,s{T) which are identified by the action of the generators f^-, f^- £ F and to take the 
corner pQ of the resulting polygon Pg as the basepoint for the grafting. With these identifications, 
the embedding constructed from the trivialising function 7(x'^, •) : — > Isom(XA,5) for constant 
= T then maps the polygon Pg into the surface U\^s{T) of constant cosmological time T. 
As the sides of the embedded polygon in C/a,s'(T) are identified pairwise by the action hA,s{vY)i 
Y E {Ai,Bi, . . . , Ag, Bg}, of the generators of F, this implies that the group elements in the overlap 
condition (|82() must agree with the image of these generators under the group homomorphism 
hA,s ■ r Isom(XA,5) 

NY = hA,s{vY) yy £{Ai,Bi,...,Ag,Bg}. (123) 

Using the formula ()86|) which expresses the value of the trivialising function at the corners pi of the 
polygon Pg in terms of the elements N^^ , Nb^ and the value of 7 at a point pQ £ Pg we can then 
determine the holonomies Ai , Bi and find that they are given by 

Ai = 7(Po) • hA^sivnl ■ ■ ■ Vh]vb,vh,_i ■■■vhi)- 7(po)"^ (124) 
Bi = 7(Po) • hA,sivHl ■ ■ ■ vJj]vA,VH,_i ■■■VHi)- 7(Po)~^ 

6.2 The transformation of the holonomies under grafting 

We will now use the relation between the phase space variables A^^.,A'^b. in the Chern-Simons 
formalism and the group homomorphism /ia.s : F Isom(XA,s') in the geometrical description to 
derive the transformation of the holonomies Ai , Bi along a set of generators of the fundamental 
group under grafting. 
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We start by considering the static universes associated to the cocompact Fuchsian group T. As 
discussed in Sect. 13.21 the surfaces of constant cosmological time are then copies of hyperboHc 
space H embedded into the model spacetime via the maps : If Xa,s defined in The 
polygon Pg obtained by cutting the spatial surface Sg is embedded into the image fundamental 
polygon $J^(Pr) in the tessellation of Ua,s{T) induced by T 

XlsiT, ■)■■ Pg^ '^IsiPr) C C/a,s(T). (125) 

The group homomorphism : T — > Isom(XA^5) is given by the canonical embedding of PSU (1, 1) 
into the isometry group of the model spacetime h^^ g{v) = i\^s{v)- Hence, using the identities (|123() 
and (|124|) . we find that, up to conjugation with the value of 7 at the basepoint po £ Sg, all 
holonomies Ai , Bi are purely Lorentzian 

A = liPo) ■ ^A,sivHl ■ ■ ■ vJj]vB,VH,_^ ■■■VHi)- 7(Po)"^ (126) 
Bi = 7{po) ■ ia,s'(^h! ■ ■ ■ '"h]'"a,vh,_, ■■■vhi)- 7(po)~^- 

We now consider the spacetimes obtained from these static spacetimes by grafting along a closed, 
simple geodesic r] on IH[|/r with weight w. Again, the identification of the parameter in H74|) 
with the cosmological time implies that for each value of the parameter = T the polygon 
Pg is embedded into a surface U^g{T) of constant cosmological time. However, these surfaces 
are no longer copies of hyperbolic space but the deformed surfaces obtained by inserting a strip 
along each geodesic in the F-invariant multicurve on U\^s{T) associated to i]. The cocompact 
Fuchsian group F acts on these surfaces of constant cosmological time via the group homomorphism 
/i^ g : F — > Isom(XA,s) defined by H62|1 . H64() . and the group elements in the overlap condition are 
given by Ny = h^sivy)- 

To derive a formula for the transformation of the holonomies Ai , Bi along the generators of the 
fundamental group, we consider a generic side y of the polygon Pg with starting point and endpoint 
pj ipj G {po, . . - Pig}- Denoting by vf ,vj G F the elements of the cocompact Fuchsian group that 
relate the value of the trivialising function 7"^ at the points pj ,pj to its value at po in the static 
case 

i^tHpY) = ^AAvY)%tHpo) i^tHpJ) = iA,sivJ)%tHpo), (127) 

we can express the holonomy along y as 

Y = lipYh-'ipI) =j{po)hlsi^Jr'hl,{vrHpor\ (128) 
Using identity for the group homomorphism h\ g and the identities (|63|) we then obtain 

Y ='y{po)iA,sivJ)'^ Bn,A,s{qo,vJ qoy'^ Bn,A,s{qo, vlqo)iA,sivYh{por^ (129) 
=1st{Pf)B^^A,s{vYqo,vJqo)~'^'yst{pY)~^ = Y^t ■ jst{pY)Brj,A,s{vY qo,vJ qo)~^lst{pY)~^ , 

where 7st, Yst denote, respectively, the trivialising function and the holonomy along y in the static 
universe associated to F, go £ the basepoint for the grafting, which we took to coincide with 
the embedding of the corner pQ and Bn^A,s is given by (jHH). Setting pf"- = P4(j_i), = Pa-z and 
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Pj ' = P4i-2, Pf^ = P4i-3 in and using expression (|86|) for the value of the triviahsing function 

-Ai Bi -/ii' Bi 

\Vi ^^f ^Vf 



7 at the corners of the polygon Pg, we find that the group elements v^\vf\v'^\v^'' are given by 



vf' = VH,_i ■■■VH, vf = Vj^]vg]vA,VH,_^ • • • ^Hi (130) 

and that the transformation of the holonomies Ai,Bi under grafting along r] takes the form 

Af^Af. {Ht_,. . . Hf) j{po)B,,AMyf'Qo,vf'qor'r\po) {Ht^-.-Hf)-^ (131) 
Bf ^ Bf ■ {Bf -^AfHti ■ ■ ■ Hf) j{po)B^,A,s{vf'qo, vfq^Y^THp^) {B'' -^AfH^i ■ ■ ■ HfyK 



We will now evaluate this formula for the case of a simple, closed geodesic r] with weight w on 
Hi 



^/r using the concrete expression (|f)^ for the map -Bj;,a,5 : x ^ Isom(XA^5). As discussed 



in Sect. [SI the geodesic r] lifts to a F-invariant multicurve on 



G^l = {Adiv)c^ \ver}, (132) 

where c,^ : M ^ M.'^, Crj{0) G is the lift of t] with basepoint in the fundamental polygon Pr C Mf, 
and with translation element 

c^(l) = Wr,c^(0) = e<-^- c^{t) + t;c^(0) E T, t G (0, 1). (133) 

In order to evaluate the formula for the multicurve (|132|) , we need to determine which geodesies 
in (|132() intersect a given side of the fundamental polygon Pp and to derive their translation vectors. 
For this, we note that a geodesic c' = u c^, f S F, intersects a side of Pr if and only if intersects 
the corresponding side of the polygon P' = v~^Py- Hence, the intersection points of geodesies in 
the multicurve H132|) with the sides of Pp are in one-to-one correspondence with intersection points 
of c^|[o,i) : [0, 1) — > Hi with polygons in the tessellation of Hi induced by F. Furthermore, these 
intersection points are labelled by the factors in the expression of the translation element (|133|) as 
a product in the generators VAi,VBi of F, which can be seen as follows. 

Because Crj is the lift of closed, simple geodesic r] on Hi/F, it traverses a sequence of polygons in 
the tessellation of H| induced by F 

Pl = Pr, P2=VrPr, P3 = Vr~lVrPr, Pr+1 = Vl ■ ■ ■ VrPv = VrjPv , (134) 

which are mapped into each other by group elements Vi G F, until it reaches the point c^(l) = 
f 1 • • • VrCr^{0) = Vf^Cr/^O) G Pr+1 identified with c^(0). As the elements of the Fuchsian group F which 
map the polygon Pr into its neighbours are the generators VAi,VBi £ F and their inverses, we find 
that the group element Vr is of the form Vr = 'W^^, with vxr £ {^^i ^ ■ ■ , ^Bg} , Or £ {±1} ■ Similarly, 
for a general polygon P' = vPp the elements of F which map this polygon into its neighbours are 
given by vv^^v~^, vv^^v~^, which implies that the group elements Vk in (|134() are of the form 

Vk = v'i^ ■■■ v't'+' v"'' v-"''+' ■ ■ ■ v-J^^ (135) 

with £ {vAii • • • 'I'Bg}, =S {il}- In particular, the translation element in (|133|) and the 
associated translation vector are given by 

v^ = vi---vr = v'^^y v"^^ = e<^- . (136) 
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Hence, intersection points of the geodesies in the multicurve p with a given side y S {ai, bi, . . . ,ag,b 
of Pp are in one-to-one correspondence with factors v'^^, = Y, in the expression H136|) of the 
translation element in terms of the generators of T. The geodesies in (|132() which intersect the 
fundamental polygon Pp are therefore given by 

Ci = Cr,, C2 = Vi Cr,, C3 = f j/^ Vi ^r,, • • • , Cr = Vx^_^ ■ ■ ■ C^, (137) 

and the associated translation vectors take the form 

n,, = Ad{v2'_\---v''^\)n,. (138) 

Furthermore, we note that the geodesic in H137|) which intersects the side y = is Ck if at = 1 
and Cjfc+i if a/c = —1. Taking into account the orientation of the sides Oj, hi in the polygon Pg, see 
Fig. [3 we find that intersections with sides Oj have positive intersection number for = 1 and 
negative intersection number for = —1, while the intersection numbers for sides bi are positive 
and negative, respectively, for = —1 and = 1- With the definition €{Y) = 1 for Y = Ai, 
e(Y) = -lfovY = Bi and 

iAd(t.J« ...t.5;)n„ biat = -l, 

we can express the group elements Bri^A,s('vY qo,vJ qo) in (|131j) as 

Br^,A=o,L{vYqo,vJqo) = -we{Y) ^ a^n^ (140) 

i?.,A>o.L(^^rgo,^}'go) = ( n e-v^^(^)"^^^■^^^ n e-^^(^)"^^?^^^) 

where the factors are ordered from the left to the right in the order in which the intersection 
points occur on the generator y £ {ai, . . . ,bg}. Inserting formula p4Up into H131|) . then yields 
an expression for the transformation of the holonomies under grafting along ry in terms of the 
translation vector of Crj. We obtain the following theorem. 

Theorem 6.1. Consider a closed, simple geodesic rj : [0, 1] — > IHl|/r with weight w > and its lift 
Crf : [0, 1] — > IHl| with basepoint Crj{0) G Pp. Let Vrj £ T be the translation element of Crj defined as in 
H133|) and given in terms of the generators VAi^VBi £^ by (|136() and denote by the associated 
cyclic permutations of (|136() 



Br,,A<o,L{vYqo,vJqo) = Bri,A<o,E{vYqo,vJqo) = e" 



— 1 Ol Ctr Clh -I 



Vv Vv Oh = —I- 

T/ien t/ie transformation of the holonomies Ai, Bi under grafting along tj with weight w is given by 
G<A,5:4^*-4^*-(^^i---^f)7(Po) ( n i^A,r'K)|^"'(Po)(^-i---^i*)"' (142) 



Bf^Bf-{Bf-^AfHtU---Ht)l{po) I n i^Xs'K') ) l-\po){Bt AfHt,- ■ ■ Hi 



St 
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where the factors are ordered from the right to the left in the order in which the associated inter- 
section point occur on the generators ai,bi and : PSU{1, 1) Isom(X/^^s) is given by 

( 

) — sye " , e " ; 

/I . I 

A < 0, Lorentzian and Euclidean. 



(l,u)n) A = 0, Lorentzian 

^^w^/Xh-Ji ^ ^-w^h-Ji ^) ^ > Lorentzian 



(143) 



n 
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7 Grafting and Poisson structure 



7.1 The transformations generated by the physical observables 

Theorem 16.11 gives a formula for the transformation of the holonomies Ai,Bi for a static spacetime 
under grafting along a closed simple geodesic ry on IHl|/r with weight w. In this section, we will 
demonstrate that the associated one-parameter group of diffeomorphisms on the phase space is 
generated via the Poisson bracket by a gauge invariant Hamiltonian. We find that for all values of 
the cosmological constant and all signatures under consideration this Hamiltonian is a Wilson loop 
observable associated to rj and constructed from an Ad-invariant, symmetric bilinear form on the 
Lie algebra i)A,s- 

In the Chern-Simons formulation of (2-|-l)-dimensional gravity, the Poisson brackets of Wilson 
loop observables were first investigated in the work of Regge and Nelson |S1 IHl 13 13 E] and by 
Ashtekar, Husain, Rovelli and Smolin [T0'|, for the case of a punctured disc see also Martin In 
a mathematical context, the Poisson brackets of Wilson loop observables and the associated flows 
on phase space were first derived in the classical paper j36j by Goldman, who considers the moduli 
space of flat //-connections on surfaces Sg and for general groups H. However, the formulation in 
j36j is rather abstract and does not characterise these flows in terms of the holonomies of a set of 
generators of the fundamental group Tri{Sg). It is shown in [Mj that Fock and Rosly's description 
of the phase space |12| allows one to obtain concrete expressions for the transformations of these 
holonomies under the flow generated by the Wilson loop observables associated to a general simple 
curve on Sg and a general conjugation invariant function of the gauge group. The results are valid 
for Chern-Simons theory with a general gauge group H and can be summarised as follows. 

Theorem 7.1. (;34], see also fM) 

Consider Fock and Rosly's description of the moduli space M.^ of flat H -connections on Sg with 
the notation introduced in Theorem \4-.l\ Let r],X be closed, simple curves on Sg, whose homotopy 
equivalence classes are given, respectively, as a product of the dual generators ai,bi defined in (jS^ 
and as a product in the generators ai,bi and their inverses 

o^i' Xk £ {ai,bi, . . . ,ag,bg}, Ok € {±1} (144) 

oyf' Vk £ {ai,--- ,bg},l3k e {±1}. 



A 



Xr o X^._i o 
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Denote by rjk,Xk the cyclic permutations of the products in (|144|1 



ak = -1 



a I. 

^k- 


1^° 


. . . x"^ xj?"- o 


. . . O X^, 


—a I. 
^k 


o . . 


. o x"^ o x"'' o . . 




'vt 




■ ■■°yi oys o • 






o . . , 


• o yi °ys o • • • 





A;t = rr a a « (146) 

and 6?/ i^r^j.; -f^A^ ihe associated holonomies. Then, the intersection points of rj and A, respectively, 
with curves representing the generators ai,bi £ T^iiSg) andai,bi are in one-to-one correspondence 
with factors Xk = ai,Xk = bi in (|145j) and factors yk = o-i^yk = h in (|146|) and the exponents ak, Pk 
determine the associated oriented intersection numbers. Furthermore, let frf, h\ be the Wilson loop 
observables associated to r],X and to conjugation invariant functions f,h £ C°°{H) of the gauge 
group. Then, the following statements hold. 

1. The Poisson bracket of the Wilson loop observables h\ is given by 

9 

{hx, . ..,Bg) = Y^ Yl "'^Z^' idfiH^k) > 9hiHi-i ■ ■ ■ H,Hx,H^' ■ ■ ■ H-_\) ) 

i=l Xk=ai,yi=ai 

g 

- E E (5/(^r,J , gh{B-^AH,.i ■ ■ ■ HiHx,H^^ ■ ■ ■ H-_\A-'B,))), (147) 

where gf,gh:H^i) are defined by the action of the left invariant vector fields Ra S Vec{H) 
on f,h£ C°°{H) 

{gf{u),Ta) = Rafiu) {gh{u),Ta) = Rah{u) yueH. (148) 

2. The one-parameter group of diffeomorphisms Tj ^ : H^^ H^^ generated by the Wilson loop 
observable fr, via the Poisson bracket acts on the holonomies Ai,Bi according to 

iU M = J^\t=oh o Tl^ yh G C^{H^'^), 

Tl^:Ai^Ai ■ (i7,„i • • • Fi) • H G]"''{Hr„)-{H,_i---Hi)~' 

B,^B, ■ {Br^A,H,^i ■■■Hi)- [] G'7*"'=(^^J • {Br^AiHi^i ■ ■ ■ Hi)-\ (149) 

where the factors are ordered from the right to the left in the order in which the associated 
intersection points occur on the curves representing the generators ai,bi and the function 
G^^ : H —> H is obtained by exponentiating the function gf : H ^ i) 

G){u) = e^3f{^) Vn G H. (150) 

A particular set of Wilson loop observables which will be relevant in the following are the observables 
associated to Ad- invariant, symmetric bilinear forms KGf)*(8)[)*on the Lie algebra of the gauge 
group. These observables are constructed using the parametrisation via the exponential map exp : 
\] ^ H hy setting 

K(e'="'^'') = iAt(rr„ rr,) = \Kabk^k\ (151) 
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As it is supposed in pil that the exponential map is surjective, but not necessarily bijective, one 
has to restrict the range of admissible vectors k G M'^™^ to obtain a well-defined expression. The 
resulting function k : — > M is then not necessarily continuous everywhere. However, in the 
following we are interested in the local properties of the phase space. As the exponential maps 
is locally bijective, any element u G H has a neighbourhood in which the Wilson loop observable 
K : H ^ M is a C°°-function. It has been shown by Goldman jSHI that the associated functions 
Qf,: H ^\], G\: H ^ H defined in (ITIHI) . (11^ then take the form 

ff.Ce^^"^") = Uk^T,) GUe'"^^) = e'^'^^'^"^'^^ (152) 

with a linear map : f) — > f) given by 

{Ik{x), y) = {x, l^{y)) = k{x, y) \fx, y el). (153) 

In particular, one obtains a generic set of observables constructed from the Ad-invariant, non- 
degenerate, symmetric bilinear form ( , ) in the Chern-Simons action with associated conjugation 
invariant function t £ C°°{H) 

iie^"^^) = k-Ta) = lUk'^kK (154) 

In this case, the linear map Z^^^ : f) ^ f) is the identity Z^^^ = idf, and the associated functions gi, 
G\ in (|148jl . (|15n|l are given by 

g-^{e^) = X Gf(e^) = e*^ Va; G f). (155) 

The transformations H149|) the associated observables generate via the Poisson bracket are in- 
vestigated in , for the case of semidirect product gauge groups G x g* see also jSZ] , where it is 
shown that they have the interpretation of infinitesimal Dehn twists along A. We will discuss these 
observables and the associated flows on phase space in more detail in Sect. 17.31 and Sect. 18.31 where 
we investigate the relation between grafting and infinitesimal Dehn twists. 

7.2 Hamiltonians for Grafting 

Using the results from j34ll36j . summarised in the last subsection, we can now investigate the trans- 
formations on phase space generated by observables associated to certain Ad- invariant, symmetric 
bilinear forms in the Chern-Simons formulation of (2-|-l)-dimensional gravity and show that they 
agree with the grafting transformation (|142)) . 

The first step is to identify the Ad- invariant bilinear forms on the Lie algebras flA,s- It is shown 
in 1^ that for all values of the cosmological constant and all signatures under consideration, the 
space of Ad-invariant, symmetric bilinear forms on {5^,5 is two-dimensional. Besides the pairing 
( , ) in the Chern-Simons action given by (|7()|). the Lie algebras \]a^s admit another Ad-invariant 
symmetric bilinear form, which is given in terms of the generators J^, by 

k( Jf , J^) = r?f, /^(Jf , P,') = K(Pf , P,') = At,!,. (156) 

It follows that the associated linear maps : i)A,s ~^ f)A,s defined in (|153jl take the form 

Z.(jf) = Pf Z4Pf) = Ajf. (157) 
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The associated map G| ^ ^ : Isom(XA,s) — > Isom(XA 5) defined in (|15Ujl is obtained by exponenti- 
ating this map : fiA.s — > f)A,S as in H152() . As the exponential maps exp^^ : {)a,5 — > Isom(XA,5) 
are surjective and therefore locally bijective for all isometry groups Isom(XA,5), see the remark 
after (jlbf) . we obtain a one-parameter group of transformations G^^^g : Isom(XA,s) — > Isom(XA,5) 
given by 



(158) 
A = 0, Lorentzian 



GU,s{eWAAP"Ja + k^P^)) =expA,5(i(p'^Pa' + AfcVf )) 

(gtv^(p'"+VAfe'")Jf ^ g-tVA(p"-^/Afc")J,^) ^ > 0, Lorentzian 



A < 0, Lorentzian 
A < 0, Euclidean, 



and can formally express the map Gj, ^ ^ : Isom(XA,s) 



Gi 



s,a=o,l( 



a) = 



GU<o,l(^) = G\^,^e{u) = u^'VW 



Isom(XA,5) as 
Vp, a G 

Vu± G 1) 
Vu G SL(2,C)/Z2. 



(159) 



The fact that the exponential map expA s '■ f)A,s Isom(XA,s) is locally, but not globally bijective, 
implies that the maps (|158() . (|159|) are only defined locally. In order to obtain a unique parametri- 
sation of elements of Isom(XA,s) in terms of elements of f)A,S) one has to restrict the range of the 
vectors p,k G appropriately, which implies that the Wilson loop observable k and the map 
Gjt A s '■ Isom(XA,5) Isom(XA,5) are not necessarily continuous everywhere. However, as the 
exponential map is locally bijective, every element of Isom(XA,5) has a neighbourhood in which the 
Wilson loop observable k is C°° and the map G| \ g a one-parameter group of diffeomorphisms. 
In particular, the parametrisation via the exponential map is unique for elements of the group 
PSU{1,1) embedded into Isom(XA,s) via (|14|) . see the remark after (|in|) . which is the form the 
holonomies take for the static universes. Hence, the parametrisation via the exponential map is 
well-defined and C°° in this case, and we can insert expressions (|158|) . H159|) into the general formula 
H149|) . We obtain the following theorem, which generalises Theorem 5.2. in j23j . 

Theorem 7.2. Let -q be a closed simple curve on Sg whose homotopy equivalence class is given as a 
product in the dual generators (|89() and their inverses as in ()144() and k the Ad-invariant, symmetric 
bilinear form on [)a,5 defined in ()156() . Then, the one-parameter group of diffeomorphisms Ti^j^^ : 
/soto(Xa,s)^^ Isom(K\^s)'^^ generated by the Wilson loop observable is given by 



{i^r,,g] 



dt 



=0 9° Tk,ri,K,S 



yg G C^iH 



2s ^ 



(160) 



Tit 
k,r),A,S 



B.^Bi . {Br^AHi^,---H,)- J] Gr^M^r,,) • (i?,-'A:i^^-i • • • ^i)-\ 

where H^^ : /som(XA,5)^^ — > /som(XA,s) represents the holonomy along rjk defined by H145|) . G\f^g : 
Isom{X/^^s) ~^ IsomCK^.s) is given by H158() . 1)159^ and the factors are ordered from the right to the 
left in the order in which the corresponding intersection points occur on the generators ai,bi. 
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We will now demonstrate that the one-parameter group of transformations Ti^^i kS '■ Isom(Xyv,s)^^ 
Isom(XA,5)^^ is related to the transformation H142|) of the holonomies Ai, Bi under grafting along a 
closed simple geodesic rj on the surface IHl|/r with homotopy equivalence class (|144() . For this, we 
evaluate (jlbUj) for the static case, where the group elements Na^ , -/V^. in the overlap condition H83|) 
are the images of the generators VAi,VBi G T under the canonical embedding (|14|) of PSU{1, 1) into 
the isometry group of the model spacetime Na^ = iA,s(^Ai)5 = ia.sC^^bJ- From expressions 
(|124|1 for the holonomies Ai , Bi in terms of Na^ , iV^. it then follows that the holonomies along the 
elements r]k defined in (|145|) take the form 

Hr,, = 7(Po)<7-'(Po) = 7(p°)e"^''''7-HPo) (161) 

with v^, rik given by H141|) . As it is shown in [HSl EH that the functions G\f^g : Isom(XA,s) — ^ 
Isom(XA,5) satisfy the covariance condition 

G%K,s{9ng-^) = 9 ■ Gl5(^) • 5"' Vn, g G Isom(XA,s) (162) 
we obtain an expression in terms of the translation vectors defined in (|139|) 

7(po)(l) i^fe)7~^(Po) A = 0, Lorentzian 

7(Po)(e*^"^"^'', e~^*"ft'''')7~^(po) A > 0, Lorentzian 
7(po)e**V^"fc'^"7-i(pg) A < 0, Lorentzian or Euchdean . 

By inserting this expression into H16U() and comparing with the transformation of the holonomies 
under grafting given by (|142|) . (|143|) . we find that these transformations agree up to normalisation. 

Theorem 7.3. Consider a static spacetime, where the holonomies Ai,Bi along the generators of 
the fundamental group are given by 

A = liPo) ■ iA,5(%i ■ ■ ■ '^h]'"b,vh,.i ■■■vhi)- liPoy^ (163) 
Bi = liPo) ■ ^A,siv]jl ■ ■ ■ vjIva,vh,_^ ■■■VHi)- 7(Po)"^- 

Then, the transformation ()142() of the holonomies under grafting along a closed simple geodesic rj 
on H^/r agrees with the transformation ()16U|) generated by the observable kr^ if the parameter t in 
H16UI) is related to the weight w by t = w\nrj\ 

Grl^^s{M,...,Bg)=Tl^^^^s{M,...,Bg) for t = w^J \K{n^,nr,)\ = w\nrj\. (164) 

The fact that the transformation of the holonomies Ai , Bi under grafting is generated by a gauge 
invariant observable allows us to directly deduce some of its properties, which are summarised in 
the following corollary, for the Lorentzian case with vanishing cosmological constant see also |23) . 

Corollary 7.4. 

1. The grafting transformations Tj^^^^g act by Poisson isomorphisms 

{/ ° Tlr,A,s^ g o t4^,a,5} = {/,<?} ° TlnA^S V/, g G {Isom{XA,s?')- (165) 
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Figure 6: A Dehn twist with parameter w around a closed, simple geodesic c on a genus 2 surface. 

2. The grafting transformation Tj^ri KS ^ea?;es the constraint (|85j) invariant and commutes with 
the associated gauge transformations by simultaneous conjugation with Isom{li\^s) 

Tin,A,si9Ai9~^ , ■ ■ ■ , gBgg'^) = gT^^^^si^i, ■ ■ ■ ,Bg)g''^ ^g e /soto(Xa,s)- (166) 

3. In the Lorentzian case with A = 0, all grafting transformations commute. 

Proof: The first two statements are a direct consequence of the fact that the transformations 
'^kr) A s generated by the gauge invariant observable k^. The last statement follows immediately 
from the formula ()158() . □ 

7.3 Grafting and Dehn twists 

After demonstrating that the transformation of the holonomies under grafting along a closed, simple 
curve r] on Sg is generated by the Wilson loop observable Kr], we will now investigate the relation 
between this grafting transformation and the action of infinitesimal Dehn twists along rj. 

Geometrically, an infinitesimal Dehn twist along a closed geodesic r/ on a two-surface IH[|/r with 
parameter w amounts to cutting the surface along rj and rotating the edges of the cut by an 
angle 2ttw as shown in Fig. El In Chern-Simons theory, infinitesimal Dehn twists along closed, 
simple curves on the spatial surface are present generically for any gauge group H and give rise 
to a transformation on the moduli space of flat i?-connections. The action of (infinitesimal) Dehn 
twists in Fock and Rosly's description |12j of the moduli space is investigated in for the case 
of semidirect product groups G k q* see also ^7], where it is shown that they are generated by the 
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gauge invariant observable constructed from the Ad-invariant bilinear form ( , ) in the Chern-Simons 
action. The results can be summarised as follows. 



Theorem 7.5. 

Consider Fock and Rosly 's description of the moduli space in terms of the auxiliary Poisson 
structure (j95|) on H^^ . Let rj he a closed, simple curve on Sg, whose homotopy equivalence class 
is given as a product in the dual generators (|89|) and their inverses as in (|144() . Denote by rjk the 
cyclic permutations of this expression as in ()145() and hy H^^^ the associated holonomies. Then the 
transformation : H^^ H^^ generated hy the Wilson loop observable trj associated to rj and 
the Ad-invariant symmetric bilinear from in the Chern-Simons action as in ()154() is given by 

Bi ^ Bi ■ {B-^AiHi^i ■■■Hi) - \[ H'l^'^ ■ {B-^AiH,^i ■ ■ ■ Hi)~\ (167) 

where the elements r]^ G T^i{Sg) with holonomies Hr^. are defined as in H145|) and the products are 
ordered from the right to the left in the order in which the associated intersection points occur on 
the generators ai,bi S '7Ti{Sg). For flow parameter t = —1, this transformation agrees with the 
transformation of the holonomies Ai , Bi under a Dehn twist around r] 

Tr^ = Dr, (168) 

where Dn : H^^ — > H^^ is the diffeomorphism induced by the action of the Dehn twist along rj on 
the generators of the fundamental group TTi(Sg). 

Using the results from |34[ I37j summarised in Theorem l7.51 we can now compare the transformation 
of the holonomies Ai, Bi under the grafting transformations ^ in (|16fl|) with their transforma- 

tions (|167|) under infinitesimal Dehn twists. For this, we note that the formulas (|16()|) . (|167j) differ 
only in the fact that instead of the factor H!^2'' l|167|) , the grafting transformation (|16()|) contains 
a factor 

GtlsiHv.) = GiA,s{K')' (169) 

with the map G\j^g : Isom(XA.s) ~^ Isom(XA,s) given by (|159|) . For the Lorentzian case with 
A = 0, the map G\q assigns to each element of the gauge group PSU (1, 1) ix the translation 
vector associated to its Lorentz component 

Gi,o,L(expA=o,L((pVf + PPf ))) = G*,,o,L((eP"^%T(p)fc)) = {l,tp) = expoAtP^Pal (170) 

For static universes the holonomies Hf^^ in H16U|) and (|167() are conjugated to elements of the 
(2+l)-dimensional Lorentz group PSU{1,1) and grafting acts on the holonomies Ai,Bi by right- 
multiplication with the associated elements of the Lie algebra 5u(l,l). Hence, for the Lorentzian 
case with vanishing cosmological constant, grafting along a closed, simple curve t] can be viewed as 
the derivative or first-order approximation of a Dehn twist along t]. For Lorentzian signature with 
A > and gauge group PSU (1,1) x PSU{1,1), identity (|159j) allows one to express the factors 
GfXyoA^n,) in as 

O>0.l(^.J = HK^yf^^ iK')-"^) ^here = {{H^^^U, (H^^)^) (171) 
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Hence, we find that the grafting transformation (|16U|) with parameter ty/~K. along 77 acts as an 
infinitesimal Dehn twist along rj with parameter t^/A. on the first component and as an infinitesimal 
Dehn twist with parameter — t\/A on the second component oi PSU{1^ l)xPSU{l, 1). In Lorentzian 
and Euclidean (2+l)-gravity with A < 0, the factor Gj. ^ ^{H^^) in the expression (|16Up for the 
transformation of the holonomies under grafting is 

GiA,siHvt) = Hv/^^'^" ■ (172) 

and the grafting transformation Tj^^ with parameter t given by (jlOUj) can therefore be viewed 
as a Dehn twist (jl67p with parameter ity^|A[. We will come back to this relation between grafting 
and Dehn twist in Sect. 18.31 where we discuss the role of the cosmological constant as a deformation 
parameter. 

These relations between the transformation of the holonomies under grafting and Dehn twists for 
the different values of the cosmological constant and different signatures are mirrored in a relation 
for the Poisson brackets of the Wilson loop observables i,,, associated to closed, simple curves 
r] on Sg. By inserting the maps g^, : Isom(XA,s) ^ ^\,S into the formula H147|) for the Poisson 
brackets of the Wilson loop observables and using the identity = A idfj^ g we obtain the following 
Theorem which generalises Theorem 5.4. in |23| for the case of Lorentzian signature with A = 0. 

Theorem 7.6. (Symmetry relation for the observables) 

For any two closed, simple curves X,r] on Sg, the associated Wilson loop observables i\,R\ and 
tf] , Kr] satisfy the symmetry relations 

{iri,Kx} = {kr^,ix} {k^, ka} = A{t^, ^a}- (173) 

Theorem 17.61 establishes a relation between the transformation of the gauge invariant observables 
tr^, kri associated to a closed, simple curve rj on Sg under infinitesimal Dehn twist and grafting 
along another closed simple curve A. The first identities in (|173|) imply that, infinitesimally, the 
transformation of the observable t^q under grafting along A is the same as the transformation of 
under a Dehn twist along A. The second identity states that the transformation of the observable 
under infinitesimal grafting along A corresponds to the transformation of under an infinitesimal 
Dehn twist along A, rescaled by a factor A. 



8 The cosmological constant as a deformation parameter 
8.1 The geometrical description 

In this section we restrict attention to (2+l)-spacetimes with Lorentzian signature and investigate 
the role of the cosmological constant as a deformation parameter in both the geometrical and the 
Chern-Simons formulation of (2+l)-dimensional gravity. 

In the geometrical formulation, the cosmological constant appears as a parameter in the model 
spacetime Xa,L) the domains C/^L ^ ^A,l and in the group isomorphism /i^^ : T — > Isom(XA,L) 
which determines the action of the cocompact Fuchsian group F on the domain U^^. The depen- 
dence of the domains C^as sign of the cosmological constant is investigated in detail in the 
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papers by Benedetti and Bonsante who show that Lorentzian spacetimes with A S {0, ±1} 

and the Euchdean case with A = — 1 can be related by rescahngs and a Wick rotation compatible 
with the associated actions of the cocompact Fuchsian group T. In contrast, our focus is on the role 
of the cosmological constant as a continuous parameter deforming these domains, the associated 
model spacetimes and group isomorphisms. 

We start by considering the static spacetimes associated to F. As discussed in Sect. 13.21 these 
spacetimes are given as quotients of the interior of the forward lightcone C/a,l C Xa,l by the 
canonical action of F via the embedding ia,5 : PSU{1, 1) Isom(XA^5) into the isometry group 
of the model spacetime. The parametrisation of these lightcones in terms of matrices and their 
foliation by copies of hyperbolic space are given by expressions (|2l|) . (|5l|) and (|55|). respectively, 
for A = 0, A > and A < 0. For vanishing cosmological constant, the entries in the su(l, 1) 
matrix (|24j) parametrising the forward lightcone are given by the identification of the disc 
model of hyperbolic space with the hyperboloids. For A > 0, the entries in the PSU{1, l)-matrices 
(|28|) which parametrise the model spacetime are given by equation 1)54(1 and involve the functions 
sin(-v/AT'), cos(\/A7')- Using the identities 

lim cos(\/Ar) = 1 lim -^sm{VAT) =T, (174) 

Va^o Va->o 

one finds that in the limit -v/A 0, these parameters behave according to 

lim t2{T, z) = = 4(r, z) lim xi(r, z) = = (T, z) (175) 

lim X2{T,z) = T ^^l^X = X2 (r, z) lim ti{T,z)=oo, 

where Xq{T,z),Xi(T,z),X2{T,z) denote the coordinates in the identification of the unit disc with 
the hyperboloid H^y^a given by (fT9|) . For A < 0, the entries in the parametrisation (j38|l of the 
forward lightcone is given by ()55j) . Using the identities 



in we obtain 



lim cosh(vlA[r) = 1 lim smli{y^\T) = T , (176) 



lim a;o(r,z) =Ti^ = x^(r,z) lim xi{T, z) = = x^{T, z) (177) 

lim X2(T, z) = T-^T^ = XoCr, z) lim x^CT, z) —>■ oo. 



Hence, for both positive and negative cosmological constant, in the limit y |A| — > one coordinate 
in the parametrisation of the forward lightcone in the model spacetime Xa,l tends to infinity 
while the other coordinates converge to the corresponding coordinates parametrising the forward 
lightcone in Minkowski space. 

To determine the role of the cosmological constant as a deformation parameter of the domains 
U^^ C Xa,l associated to grafted spacetimes, we make use of a result by Benedetti and Bonsante 
j22j concerning the dependence of the grafted domains ^ on the weight of the multicurve G. In 
j22j . Proposition 4.7.1, they consider the multicurve tG on obtained by multiplying all weights 
in a multicurve G with a factor t and the associated domains U^^, ^al ^A,L for cosmological 
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constant A S {0, ±1}. They show that if the grafted domains Uj^^ are rescaled by a factor 1/t, 
they converge to the corresponding domain Uq^ in Minkowski space in the hmit t — > 

YunJui% = U^^L Ae{0,±l}, (178) 

where the Umit is understood in terms of the coordinates in a certain parametrisation of these 
domains given in |^. Although they do not consider cosmological constants A ^ 0,ibl, this 
result can be applied to determine the dependence of the grafted domains on the cosmological 
constant A. For this, it is sufficient to recall from Sect. |H3 that the parametrisation of the model 
spacetimes Xa,l for |A| 7^ 0, 1 is obtained by rescaling the associated matrices parametrising X±i^l 
with a factor l/y^jAJ. Furthermore, we found in Sect. 13.31 see in particular equation (|62jl . that 
the weight of the multicurves for |A| = 1 had to be rescaled with a factor ^/\A\ to ensure that the 
associated geodesies are parametrised by arclenght. The domains ^ C ^a,l for non- vanishing 
cosmological constant A are therefore related to the associated domains U^^ ^ via the identity 

U^L = ^C^^w A ^ 0, (179) 

and equation (|178j) implies 

iiiP uZl = U^,l (180) 

|AHO 



Hence, with an appropriate identification of the coordinates parametrising the domains C Xa,l 
in the model spacetimes, the limit \/|A[ ^ is defined and yields the coordinates parametrising 
the domain Uq^^ in Minkowski space for both positive and negative cosmological constant. 

Finally, we consider the role of the cosmological constant as a deformation parameter of the group 
homomorphism /i^j^ : F — > Isom(XA,L) by which the cocompact Fuchsian group F acts on the 
domains f/^L ^A,L- For this we note that the map Bq\i^ : x H-^ — > Isom(XA,L) in formula 
satisfies 

5GAL(P,9)=^^G,sgn(A),M(P'9) Vp, g G M^, A / 0, (181) 



which implies 

^lv/A=o ^a>o,l(^) = Kdv), -h^Liv)) G su(l, 1) e su(l, 1) Vt; E r (182) 

^1^=0 /iA<o,LW=^^^LWesl(2,C) V7;er. (183) 

Hence, one finds that in the geometrical description of grafted (2+l)-spacetimes given by Benedetti 
and Bonsante |22] , the square root y^|A[ of the cosmological constant plays the role of a deformation 
parameter for both, the domains f/^L ^ ^A,L and the isomorphisms /i^l ■ ^ Isom(XA,L) which 
determine how the group F acts on these domains. In the former, it appears as a parameter in the 
coordinates parametrising the domains t^AL i'^ model spacetimes Xa,l , and the limit 
relates these coordinates to the parametrisation of the associated domain Uq^^ in Minkowski space. 
In the latter, it appears as a parameter in the group homomorphisms h^g :T ^ Isom(XA,s'), and 
one finds that the group homomorphism h^^ is given by the derivatives of /ia>o l ^A<o L '^ith 
respect to \/|A[. 
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8.2 The Chern-Simons description 

In the Chern-Simons description of (2+l)-spacetimes, the cosmological constant appears as a pa- 
rameter in the Lie algebras i}A,L and the associated gauge groups Isom(XA,L)- To clarify in what 
sense it can be viewed as a deformation parameter, one has to introduce a common framework 
which encompasses the Lie algebras (jHI for all signs of the cosmological constant. Such a frame- 
work can be realised by interpreting the Lie algebras (j3)) as the (2+l)-dimensional Lorentz algebra 
over a commutative ring R\ with a A-dependent multiplication law. 

Lemma 8.1. Consider the vector space M? with the usual vector addition and a multiplication 
operation • : x ^ which depends on a real parameter A and is given by 

{a,b) ■ {c,d) = {ac + Abd,ad + bc) Va,6,c, dGM. (184) 

Then, (|184j) equips with the structure of a commutative ring R\ = (M^,+,-) with the unit 
elements for the addition + and the multiplication ■ given by, respectively, (0,0), (1,0). 

In the following we will express elements of the ring R\ in terms of a formal parameter Ba and 
write a + QAb for the element {a,b). Formally, the product of two elements (a, 6), {c,d) £ i?A is 
then given by 

(a + ^Ga) • (c + de^) = ac+ {ad + bc)®^ + bdQ\, (185) 

and to obtain agreement with the multiplication law H184|) . one must set Q\ = A, and the parameter 
Ga can therefore be viewed as a formal square root of A. 

For A < 0, the commutative ring i?A is isomorphic to the field C and the formal parameter Ga is 
the complex number Ga = \/A = iy^lAj. For A = 0, the formal parameter Ga satisfies Gq = like 
the one occurring in supersymmetry and corresponds to the formal parameter 6 used to parametrise 
the (2+l)-dimensional Poincare group in for a more detailed discussion see also [23] ■ This 
implies that the commutative ring Rq is not a field, since elements of the form Ga^, 6 S M \ {0} 
are zero divisors 

Ga6-Gac = V6,cGM. (186) 

For A > 0, the formal parameter Ga satisfies G^ = A > 0. Again, i?A is not a field and has zero 
divisors y/Xa ± Gao, a S M \ {0}, which satisfy 

(\/Aa + GAa)(\/Aa-GAa) = (\/Aa ± GAa)^ = 2a\/A(\/Aa ± Gac). (187) 

The ring R\ allows one to identify all Lie algebras f)A,L with brackets © with the (2+l)-dimensional 
Lorentz algebra, only that now this Lie algebra is no longer considered as a Lie algebra over R but 
as a Lie algebra over the commutative ring^ i?A- This identification of the Lie algebras f)A,L 
with the (2+l)-dimensional Lorentz algebra over i?A generalises the concept of complexification 
of real Lie algebras and in the case of negative cosmological constant yields the complexification 

^Definitions and properties concerning Lie algebras over commutative rings can be found for instance in 
Chapter 1, but in the following we will make only use of some basic concepts. 
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s[(2,C) = s[(2,M) © is[(2,M). We consider the (2+l)-dimensional Lorentz algebra with generators 
Ja, a = 0, 1, 2, and bracket 



[J,,J,]=6,,V,. (188) 



By identifying the generators Ja with the s[(2,]R) matrices in @, we obtain a R\ module iso- 
morphism from R\ into the set s[(2, R\) of traceless two-by-two matrices with entries in R\ or, 
equivalently, the set of endomorphisms of the i?A-module i?^ with vanishing trace form. 

a; + eAy GMi^(x'^ + eAy")Ja (189) 
^ ( -\{x^ + Qav^) ^(a:° + yO) + \Qk{x^ + y2) \ 

1^ -i(xO + yO) + leA(x2 + y2) 1(^1 + Q^yl) j ' 

The commutator of two 5l{2,R/^) matrices then agrees with the bracket obtained by extending 
(|188|) bilinear ly in R\, and with the identification 

Pa = @AJa (190) 

one recovers the Lie bracket © of the real Lie algebras f)A,L- 

Moreover, the identification of the Lie algebras gA,L with 5[(2,i?A) allows one to relate the Ad- 
invariant, symmetric bilinear forms ( , ) and k on f)A,L defined by H70|) . (|156() to the Killing form of 
the (2+l)-dimensional Lorentz algebra. For this one extends the Killing form gx on 5l(2,IR) 

gxiJa, Jb) = hab = Tr( Ja • Jb) (191) 

bilinearly to an Ad-invariant symmetric i?A-bilinear form gx ■ 5l{2,R\) x sl(2,i?A) J^A- Using 
the parametrisation (|189)) and comparing the resulting expressions with (|70|). (|156)) one obtains 

gxiip + QAk), {q + BAm)) =\{p''q' + AA:"m^)r/^, + \Q^{p''m' + k\%]^, (192) 

=iAt(pVa + A;"P„, q^Jb + m^Pb) + QA^P^Ja + k^Pa, q^Jb + m^Pb). 

Hence, the Ad-invariant symmetric forms k and ( , ) on are realised as the projections of the 
Killing form on s[(2, R\) on, respectively, the first and second component of the ring i?A = (1^^, +, •)• 
This generalises the situation for A < 0, where these forms can be identified with the real and 
imaginary part of the Killing form on s[(2,C). Moreover, it sheds some light on the distinguished 
role played by the Ad-invariant symmetric bilinear forms ( , ) and k on the Lie algebra \]a,l- While 
any linear combination of these two forms is again an Ad- invariant, symmetric bilinear from on 
f)A,L) the forms ( , ) and k are the only ones that arise canonically from the Killing form on s[(2, -Ra)- 

We will now demonstrate how the identification of the Lie algebra f)A,L with the (2+l)-dimensional 
Lorentz algebra over the commutative ring R\ gives rise to the associated matrix groups H\ l. 
Although in general the exponential of Lie algebras over commutative rings cannot be defined in 
a straightforward manner, the particularly simple structure of the ring R\ allows us to obtain the 
groups ifA>o,L = SU{1, 1) X SU{1, 1) ^ SL{2, R) x SL{2, M), Hq^l = SU{1, 1) x ^ SL{2, R) x 
and i/A<o,L = SL{2,C) by exponentiating matrices in s[(2,i?A)- For this, we consider the formal 
expression 

expA(a= + Qav) = V y x + eAve s[(2,fiA), (193) 

n=0 
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where {{x"" + Qy°')Ja)^ stands for the n*^ power of the matrices (jl89|) . In the case of negative 
cosmological constant, we have 0a = ^V^IAf and expression H193|) is the exponential map expA<o,L : 
s[(2,C) — > 5L(2,C). The case of vanishing cosmological constant is investigated in Using 
identity eg = 0, one can express H193() as 

^-^ n\ ^-^ ^-^ n! 

71=0 n=0 m=0 

To simplify this expression further, we move the factors y^Jh in (|194j) to the left and evaluate the 
resulting commutators using the formulas 

[(xVJ^/J,] = E ( r ) • (^^'^^)™"' E ( r ) = ( A:+ 1 ) 

which can be proved by induction. After some further computation, this yields 

exp^^o((x'^ + eoy'^) Ja) = (1 + Qo{T{x)yfj,) ■ e^''^^ (196) 

where e^"'^° stands for the exponential of the s[(2, ]R)-matrix x°'Ja given by ()1U() and the linear 
map T{x) : ^ is the one defined in (|16|) . By comparing with the parametrisation of the 
(2+l)-dimensional Poincare group SU {1,1) K M3 introduced in Sect. H we find that (fMH) agrees 
with ((T3)) if we identify 

G xR^^ (l + Goy"Ja)-n e SL(2,M),y E M^, (197) 

and we recover the multiplication law (|11|) 

{l + QQx''Ja)u- (1 + eoy^Jb)v = {1 + Qoix^Ja + Ad{u)y''Jb)uv yu,v £ SL{2,R),x,y e M^. 

Hence, by exponentiating the Lie algebra 5l{2,R\) for cosmological constant A = 0, one obtains 
the parametrisation of the (2+l)-dimensional Poincare group in Sect. [21 whose description in terms 
of a formal supersymmetry parameter Gq satisfying Gq = was first introduced in the context of 
(2+l)-dimensional gravity by Martin [TT] . 

For A > 0, the exponential H193|l can be evaluated by introducing the generators defined in H12() 

J± = i(l±^)J„ (198) 
in terms of which the argument of (|193jl takes the form 

(x'^ + GAy°)J, = (x'^ + VXy-)J+ + (x" - VXy'')J-. (199) 
Using identity (|187|) . we recover the splitting of flA>o,L into the direct sum s[(2,M) ©sl(2,M) 

■ Jb = Ja ■J^ = Jt ■jt = W^ %)(hab + WbVc, (200) 

and by applying these identities to (|193|) we obtain 

n=0 ' n=0 

= 1(1 + e4)g{.»+v/A,")J. ^ _ ^yix-^-VAynj^^ (201) 
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With the identification 



(n+,n_)^i(l + ^)n+ + i(l-^K V^x±e5L(2,M) (202) 

we then recover formula ^E^i for the exponential map exp : s[(2, M) ©s[(2, M) SL{2, R) x SL{2, M) 
and the group multiplication law Hence, for all values of the cosmological constant, the group 
Ha^l and the exponential map exp^^^ : f)A,L — > -f^A,L can be obtained from the identification of the 
Lie algebra f)A,L with s[(2,i?A)- 

The cosmological constant can therefore be implemented in the Chern-Simons formulation of (2+1)- 
dimensional gravity by interpreting it as a parameter in the multiplication law 1)184(1 of a commu- 
tative ring R\. By parametrising the elements of this ring in terms of a formal parameter 0a 
satisfying 0^ = A one then obtains a unified description of the Lie algebras f)A,L and the associ- 
ated Lie groups H^^l, which can be identified, respectively, with the Lie algebra s[(2, R\) and the 
associated matrix groups obtained by exponentiation. 

8.3 Grafting transformations as deformed Dehn twists 

We will now apply these results to demonstrate that the parameter 0a which can be viewed as a 
formal square root of A appears as a deformation parameter relating the Dehn twist and grafting 
transformations (|167|) and (|16U() for all values of the cosmological constant A. For this we recall 
the discussion from Sect. 17.21 and Sect. 17.31 where it is shown that the grafting transformation 
'^kr) AL • Isom(XA,5)^^ Isom(XA,5)^^ associated to a closed, simple curve r] on Sg and the 
corresponding Dehn twist : Isom(XA,s)^^ — ^ Isom(XA,5)^^ are generated, respectively, by 

Wilson loop observables and constructed from bilinear forms k and ( , ) on f)A,s- The fact that 
the bilinear forms k and ( , ) on f)A,L appear as projections on, respectively, the real and the 0a- 
component of Killing form gx on s[(2, R\) allows one to interpret the Wilson loop observables Kj^, 
tri as projections on real and ©a component of a Wilson loop observable gxr^ S C°°(Isom(XA,L)^^) 
which takes values in the Ring R\ 

gKr){Al: • • • ) Bg) = ^krj{Ai, . . . , Bg) + i0At,,(^l, • • • , Bg). 

Moreover, we found in Sect. [7^ that the grafting and Dehn twist transformations are of a similar 
form. Both act on the holonomies Ai,Bi by right-multiplication with functions G^^ j^, Gj, ^ : 
Isom(XA,L) — > Isom(XA,L) of the holonomies of certain curves conjugated to rj, which are obtained 
as exponentials of linear maps : f)A,L f)A,L- For all values of the cosmological constant, the 
linear map for the Dehn twist is the identity It = idf,^ ^ , and the associated map G^- ^ ^ takes the 
form 

G\j^^{u) = n* Vn G Isom(XA,L). (203) 

The linear map and the associated one parameter group of diffeomorphisms ^ ^ for the grafting 
transformation are given by, respectively, H157() and H158() . Unlike the corresponding maps for the 
Dehn twists, they show an explicit dependence on the cosmological constant A. The identification 
of the Lie algebra f)A,L with s[(2,i2A) allows us to relate these maps for the different values of the 
cosmological constant and to establish a link with the corresponding maps for Dehn twists. For 
this we note that for all values of the cosmological constant the linear map on f}A,L given by 
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H157|) can be identified with a hnear map on the Lie algebra 5l(2, Ra), which acts by multiplication 
with Ga 

l^ix + Oav) = Qa^x + Oav) yx + QaV e s[(2, Ra). (204) 

The discussion in the previous subsection then allows us to express the associated one-parameter 
group of transformations Gj. ^ : Isom(XA,L) Isom(XA,L) via the exponential map l|193() 

G*s A,L(expA(a; + Qa^)) = expA(tGA(a; + Ga^)) Va; + Qa^ G s[(2, Ra). (205) 



Evaluating this expression by setting Ga = "^vjAI for A < and by using expressions ()196|) and 
H201|) for A = and A > 0, we recover expression (|158p . Hence, the one-parameter group of 
transformations G\ a L^^i a L ' -'^^°™(^a,l) — > Isom(XA,L) are formally related by the identity 

GiA,L = Cf^^L- ^206) 

After inserting this identity in the expressions (|167() . (|160() for the Dehn twist and the grafting 
transformation, we find that formally, the transformation of the holonomies Ai,Bi under grafting 
along a closed, simple curve r] on Sg with parameter t can be expressed as a Dehn twist with 
parameter Ga* 

Ti,,A,L = T^.Xl- (207) 

By interpreting the Lie algebra i)A,L of the gauge group in Chern-Simons formulation as a (2+1)- 
dimensional Lorentz algebra over the commutative ring Ra, we therefore establish a common pat- 
tern which relates the grafting and Dehn twist transformations for all values of the cosmological 
constant. The dependence on the cosmological constant is encoded in the formal parameter Ga 
satisfying = A which plays the role of a deformation parameter. In this formalism, the two 
Wilson loop observables k^, ^ associated to a closed, simple curve r] on Sg arise canonically as 
the projection on the GA-component and on the real component of the i?A-valued Wilson loop 
observable ()203() constructed from the Killing form on 51{2,Ra). Via the Poisson bracket, these 
two canonical observables generate the two basic geometry changing transformations on the phase 
space. The former acts as the Hamiltonian for the Dehn twist transformations ()167() . while the 
latter is the Hamiltonian for the grafting transformation l|160|) . Viewed as transformations over the 
ring Ra, these two phase space transformations exhibit a similar structure and can be transformed 
into each other by substituting t ^Ga- 



9 Conclusions 

In this paper we clarified the relation between the geometrical and the Chern-Simons description of 
(2+l)-dimensional spacetimes of topology Mx Sg for Lorentzian signature and general cosmological 
constant and for the Euclidean case with negative cosmological constant. We showed how the 
fact that such spacetimes are obtained as quotients of the model spacetimes Xa,s corresponds to 
the trivialisation of the gauge field in the Chern-Simons formalism. This allowed us to relate the 
variables encoding the physical degrees of freedom in the two approaches, the group homomorphism 
/i^P : r — > Isom(XA,5) in the geometric formulation and the holonomies along a set of generators 
of the fundamental group iTi{Sg) in the Chern-Simons description. 
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We demonstrated how the construction of evolving (2+l)-spacetimes via grafting along closed, 
simple geodesies rj gives rise to a transformation on the phase space of the associated Chern-Simons 
theory. After deriving explicit expression for the transformation of the holonomies, we showed that 
this transformation is generated via the Poisson bracket by one of the two canonical Wilson loop 
observables associated to rj, while the other observable generates Dehn twists. We found a close 
relation between the action of these transformations on the phase space which is reflected in a 
general symmetry relation for the associated Wilson loop observables. 

Finally, we investigated the role of the cosmological constant in the geometrical and the Chern- 
Simons formulation of the theory with Lorentzian signature. We found that the square root of minus 
the cosmological constant can be viewed as a deformation parameter in the parametrisation of the 
domains C X^,!, and in the group homomorphisms /i^^ : F — > Isom(XA,L). In the Chern- 
Simons formulation, we obtained a unified description for the different signs of the cosmological 
constant by identifying the Lie algebras of the gauge groups with the (2+l)-dimensional Lorentz 
algebra s[(2,i?A) over a commutative ring R\. In this framework, the cosmological constant arises 
as a parameter in the ring's multiplication law and can be implemented via a formal parameter 0a 
satisfying 0^ = A. By extending the Killing form on the (2+l)-dimensional Lorentz algebra to 
an Ad-invariant, bilinear form on 5l(2, R\) and considering the associated Wilson loop observables 
with values in R\, we found that the Wilson loop observables generating grafting and Dehn twists 
arise canonically as the projections on the real and the Ga component of this i?A-valued observable. 
Moreover, we found that a grafting transformation with weight w associated to a closed, simple 
curve r] on Sg can be viewed as a Dehn twist around r/ with parameter Bau^- 

These results clarify the relation between spacetime geometry and the description of the phase 
space in the Chern-Simons formalism and provide a geometrical interpretation of the Wilson loop 
observables. Moreover, we obtained explicit expressions for the action of grafting and Dehn twists 
in Fock and Rosly's description of the phase space [^, which is the basis of the combinatorial 
quantisation formalism |151ll6j and the related approaches and ^Sj for the group SL{2,C) and 
semidirect product groups Gt<g* such as the (2+l)-dimensional Poincare group. It would therefore 
be interesting to see how these results can be applied to the quantised theory and to use them to 
investigate concrete physics questions in quantum (2+l)-gravity. 
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